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To the victims of the NATO aggression against Yugoslavia. 

March 2A^^ , 1999: NATO starts bombing the Federal Republic of Yugoslavia, 
aiming at its civil and productive structures and killing thousands of people. 

May 8^^ , 1999: NATO missiles hit the Chinese Embassy in Belgrade, destroying 
it and killing 3 people. 

I want to dedicate this paper to the Yugoslav students, whose right to life and 
culture is threatened, and to the Chinese students, who raised their voice against 
this criminal war. 
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0. INTRODUCTION. 

The aim of this paper is to give an exponential multiplicative formula for the 
i?-matrix of the general afhne quantum algebra Uq. The problem of describing R 
has been attacked from different viewpoints, and different kinds of formulas for R 
have already been given explicitly in many (general) cases. 

For the finite type algebras, Rosso gave in [30] the first exponential multiplicative 
formula (for sln)' this result was generalized in [22], where the strategy of partial 
/^-matrices (that is the study of the connections between the coproduct and the 
braid group action) was introduced and developed, and the general (finite) case 
solved. 

This exponential approach, mainly based on the description of R via the Killing 
form (see [31]), has been extended to A^^'' in [24], and to the general non twisted 
affine case in [6]. 

Other descriptions of R in the affine case (both non twisted and twisted) are also 
known, by means of different techniques. Of particular relevance is the application 
of the theory of vertex algebras, which turns out to be a powerful instrument 
for studying the representations of the affine quantum algebras; in particular it is 
important to mention the works of Khoroshkin- Tolstoy (see [20] and [19]) which 
(together with [24]) are the first to face the study of R for the affine algebras, and 
those of Delius-Gould-Zhang ([8]) and Gandenberger-MacKay- Watts ([12]), where 
the i?-matrix was constructed in the twisted case. 

The purpose of the present paper is to complete the "exponential picture" by 
including the twisted affine case in this description. 

To this aim a quite precise analysis of the twisted affine quantum algebras is 
needed: since the PBW-bases (bases of type Poincare-Birkhoff-Witt), and the pos- 
sibility to make computations on them, are a fundamental tool for working in Uq 
(and in particular for the construction of R), the most important step in this di- 
rection is producing a PBW-basis and stating its main properties by generalizing 
the well-known results in the finite and non twisted affine case. 

While approaching this question, one easily finds out that in many key points the 
structure of the behaviour of the twisted affine quantum algebras is not so different 
(up to some minor adjustments involving no conceptual difficulty and requiring 
just some care in the notations; notations which are fixed in section 1) from what 
is already known in the non twisted case: the definition of the root vectors does 
not present any difference from the non twisted case (it only happens that the root 
system with multiplicities is slightly more complicated to describe), and the proof 
of most of the commutation formulas lies on a property of the root system (*: if a 
and S + ra are roots, then r = ±1) which is almost always true; when this is the 
case the contribution of this paper is just that of remarking the analogies and giving 
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references for the proofs. Thus, section 2, where copies of V{q{Ai ') are embedded 
in the aflBne quantum algebra, has been written following [1] (to which it refers 
heavily). The same can be said about paragraphs §5.1 and §5.3 (which are mainly 
based on [1]) and about section 6 (where the results previously found are gathered 
together to exhibit a PBW-basis). Similarly, the first two paragraphs of section 
7 (§7.1 and §7.2, with the exception of lemma 7.2.3), show and use the validity 
for the twisted case of the results of [6] (hence those of [22] for what concerns the 
real root vectors) where the coproduct and the Killing form on the root vectors are 
computed. 

(2) 

But there is a case (A^;0 when d - 2ai is a root, so that the property above 
denoted by * is no more true. This situation must be dealt with more carefully, 

what is done in section 3 (where the case of A2 is discussed in details) and in 

(2) (2) (2) 

section 4, where Uq{A2 ) is embedded in Uq{A2^): A2 plays here the same role 

that Ai plays in the general frame (to each vertex there is attached a copy of 
Ug{Ai) = Ugish)) and A^^^ in the generic aflBne picture (to "almost each" vertex of 
the associated finite diagram there is attached a copy ofUq(A^^^)). The existence of 

a copy of Uq {A2 ) inUq (^2n ) already proved in [4] by means of the language 
of vertex operators and through the Drinfeld realization of Uq (see [17] and [16]); 
here we give a different, direct proof, which has the advantage to provide a precise 
description of the commutation relations that we need. 

Finally, paragraphs §5.2 (this in particular requires a deeper understanding of 
the twisted root systems and Weyl groups), §7.4 and §7.5 are devoted to the com- 
putations which, after establishing the general frame, are needed in order to make 
explicit the description of R, whose final formula is given in paragraphs §7.3 and 
§7.6. 

I would like to thank Professors Chen Yu, Hu Naihong, Lin Zongzhu, Wang 
Jianpan and the other organizers of the International Conference on Representation 
Theory, held in Shanghai (China) in June/ July 1998, for giving me the opportunity 
to participate in this meeting which has been for me of big interest, and for offering 
the possibility to publish a contribution on the Conference Proceedings. 

Unfortunately last spring, during the work of drawing up of the paper, the 
country where I live (Italy) participated in the war against the Federal Republic of 
Yugoslavia, which has brutally involved also the People's Republic of China: the 
decision of the NATO countries to isolate the scientific community of Yugosalvia is 
just one - yet hateful - of the "collateral effects" of this aggression. Being deeply 
concerned by the evident and arrogant injustice of this politics, I want to express, 
as a mathematician, my opposition to this choice, together with my solidariety to 
all those who are fighting every day to make the science survive, even in these hard 
times, for the present and future generations. 

1. GENERAL SETTING: DEFINITIONS AND PRELIMINARIES. 
§1.1. AfRne Kac-Moody algebras. 

In this paragraph we recall some basic generalities; for the proofs and for a 
deeper and more detailed investigation we refer to [18], where these notions have 
been introduced and studied. 

Let be a Kac-Moody algebra of finite type. Then an automorphism of the 
Dynkin diagram of g of order k induces an automorphism of g of the same order (it 
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is well known and immediate to see that /e =1, 2 or 3). This automorphism, whose 
eigenvalues are of course of the form with < r < A;, is diagonalizable, that is 
= 0r€Z/fcz0^'"^ S*'^^ being the eigenspace relative to e^^. It is straightforward 
to prove that this decomposition of g as a direct sum is a Z/fcZ-grading, that is 
[g('^),0(^)] C Vr, s G Z/kZ; in particular q^'^'> is a Lie subalgebra of Q (indeed 

a Kac-Moody algebra of finite type) and is a g(*^)-module. 
This remark allows to give a natural structure of Lie algebra to 

it is easy to construct a non trivial central extension 




of this algebra via the (non degenerate) Killing form on q and a natural structure 
of Lie algebra on 




where add = 

It was proved by Kac (see [18]) that g^^^ is a Kac-Moody algebra of affine type 
depending just on g and k and not on the chosen Dynkin diagram automorphism 
(remark that Q^^^ is the non twisted affine Kac-Moody algebra associated to g; in 
case that A; > 1 the algebra g^^^ is said to be twisted, that is relative to a non trivial 
automorphism of the Dynkin diagram); moreover all the affine Kac-Moody algebras 
are isomorphic to g*-^-* for some finite Kac-Moody algebra g and some k G {1, 2, 3}. 

We also have that the Dynkin diagram F of q^'^^ is an extension of the Dynkin 
diagram Fq of g^^^ (which is called the finite diagram - or algebra - associated to 
the affine one) by adding an extra vertex, which will be denoted by 0; remark that 
if /c = 1 then g(°) = g. 

§1.2. Some notations, structures and general properties. 

Let us fix an affine Kac-Moody algebra We shall now introduce some 

notations. 

First of all let us denote by n the number of vertices of the Dynkin diagram of 
g; this means that g is of type for some X G {A, S, C, D, -E, F, G}, and in this 

case we say that g*^'^^ is of type Xf^\ We denote by n the cardinality of Iq, where 
Jo is the set of vertices of Fq (it means that the cardinality of /, the set of vertices 
of F, is n -I- 1) and note that n = n <^ k = 1. In particular it is possible to identify 
/ with the set {0, 1, n} and Iq with {1, ...,n} (so that I = IqU {0}). One such 
identification will be fixed in the next paragraph. 

Furthermore, A — (aij)ij^i will denote the Cartan matrix of g^'^) and Aq will 
be {aij)ij^iQ (the Cartan matrix of g*^^-'). Remember that (/, A) determines g'^'^^ 
completely; remark also that (/, A) can be extended to (/qo, ^oo) where /qo = U 
{oo} and Aoo = with Oioo = Oooi ^io Vz G Iqo- 

We have the following structures associated to (/, ^): 
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1.2. A Root lattice. 

The root lattice Q and the extended root lattice Qoo of Q^'^^ i and the finite root 
lattice Qq of are defined respectively by: 

Q= ®i(ziZai, Qoo = ©ie/^o ^"i' Qo = ©ie/o ^"i- 

Of course Qq Q Q = Qq® I'Olq C Q^ = Q ® ZcKoo- We also define Q^ and Qq as 
follows: 

Q+= ^Nai= \ 'YriaieQ\ri>Q^i Q^^Qq^Q^. 
iei [iei J 

It can be useful to see Qoo, Q and Qq as lattices in a vector space over IR naturally 
defined as Qoo,r = ^®z Qoo- Set also Qr and Qq,r to be the R-subspaces of Qoo,m 
generated respectively by Q and Qq. 

1.2.B Cartan matrix and symmetric bilinear form. 

The Cartan matrix A is symmetrizable, that is there exists a diagonal matrix 
D = diag((ii|i e /) such that DA is symmetric; the diagonal entries dj's can 
be chosen to be coprime positive integers, and this condition determines them 
uniquely. Remark that if we put Dqo =1= diag((ij|z e /qo) with d^o = do then Dqo^oo 
is symmetric. 

Hence -Dqo^oo induces a symmetric bilinear form (•!•) on Qoo,r (Z- valued on 
Qoo) defined by {ai\aj) = diUij. We have that (•!•) is non degenerate but it is not 
positive definite, while (• | •) I is positive definite (that is (• | •) induces a structure 

'QqxQo 

of Euclidean space on Qo,k) and (-lOl^ ^ is degenerate positive semidefinite: there 

exists a (unique) non zero element 5 e (5+ such that 5 — aQ e Qq and {5\5) = 0; 
more precisely {S\a) = Va G Q. Remark that Q can be decomposed as a direct 
sum also as Q = Qo © '^S, and that of course {a + r5\f5 + s5) = {a\f3) \/a^j3 e Q 
and Vr, s G Z. 

1.2.C Weight lattices. 

(■|-) induces an identification of Hom((5o5^) with a subgroup P'of Qo,m- P' is, 
by the very definition, the lattice P'= ®i^i^7ijJi where the aTj's, called fundamental 
weights, are defined as the elements of QcR characterized by the property that 
{uJi\aj) = bij Vj G /q. Qq is obviously a sublattice of P", and it is worth introducing 
another important sublattice P of P'as P = ©ie/o ^'^i: where Vi G /q == diuJi^ it 
is to be noticed that Qq Q P Q P'. The elements of R are called weights and the 
elements of 




are called dominant weights; we also denote by Pj^ the set P+ = Rj^ fl P. Remark 
that [P : P] = Hfe/o ["^ ' ^o] = det(^o)) what can be easily seen noticing 

that Vz G Iq we have = X^je/o ^ji^j- 

It is also important to mention the realization of P as a group of transformations 
of Q as follows: define t : P ^ Hom((5, Q) by setting ta;(tt) = « — (a;|Q;)5. Remark 
that t is an injective homomorphism of groups and that Va; G P preserves 
('I')IqxQ fixes 5\ equivalently we can say that t maps Pinto Awt(Q(.|.) j), 
where Aut{Q(^.\.)^s) is the group of automorphisms of Q preserving ("IOIqxq ^^"^ 
fixing 5. 
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By abuse of notation we shall usually denote by x also its image tx- 
1.2.D Weyl and braid group. 

The Weyl group W is the subgroup of Aut{Q(^.\.')^s) generated by {si\i E 1} where 
Si{aj) = aj — ttijai. Wq, the Weyl group of is the subgroup of W generated 
by {s^\i e lo}. 

Aut{T) is the group of automorphisms of the Dynkin diagram of Q^'^^ (which can 
be naturally identified to a subgroup of Aut{Q(^.^.^^§): T{ai) Q;r(i))- 

The subgroups of Aut{Q(^.\.^^s) introduced above (P', W, Wq, Aut{T)) have the 
following properties: 

i) n Aut{T) = {id}, and rsjT"^ = s^^i) "^i e I W e Aut{T); hence 

W < {W,Aut{T)) and {W,Aut(T)) = W x Aut(T); 

of course {W,G) ^ W >^ G WG < Aut{T). 

ii) Wo n P'= {id} and wxw~'^ = w{x) ^x e R^w eW; hence R< {Wo,P), so 
that (Wo, F) = P')^ Wo; as above {Wq, L) = L y\ Wq < F Wo-stable. 

iii) W < P'xi Wo; more precisely 

{Qo XI Wo in the non twisted case 
Fx Wo in case 
Qo >^ Wq otherwise. 

(Qo C Qo= ®^eIo^a^C F where d^= 

iv) Let r = Aut{r) n (Fx Wo); then 



w= w X r 



F X Wo in the non twisted case and in case A^J^ 
F X Wo otherwise. 



For a precise description of T see [14] . 

The length function Z : W — > N is defined by 

l{w) min{r G N|3ii, ir & I,t e T s.t. w — Si^^ ■ ... ■ Si^r}. 

Also, the braid group B is the group generated by {T^ltf) G W} with relations 
T^T^' = T^^,' whenever l{ww') = l{w) + l{w') (see [29]). Set Ti = T^.. 
1.2.E Root system. 

The root system $ C Q divides in two components: $ = U where 
= W.{Q;j|i e /} = W.{Q;i|i e 1} = {a e ^\{a\a) > 0} = {real roots} 

and 

^ {m6\m G Z \ {0}} = {a G $|(Q;|a) = 0} = {imaginary roots}. 

^^"^ can be described in terms of $o = Wo.{Q;i|z G Iq} (the root system of g^^^) 
as follows: 



' {mb + ala G $0, m G Z} in the non twisted case 
{m5 + a\a G $o, w e Z}U 

U {(2m + 1)5 + 2a\a G $o, (Q!|q!) = 2, m G Z} in case J^^^l 

, {mcZa^ + (x\a G $0) m G Z} otherwise. 



where da = 2 equivalently dw(a^) = di Wi E I, w E W); it is worth remark- 

ing that aU the subgroups of Aut{Q(^.\.)^s) considered in 1.2.C and 1.2.D leave $ 
stable. 

The multiplicity of each real root is 1; on the other hand let us define, \/i e Iq, 

~ . \ 1 in the non twisted case or in case A'i?J ■, r . r 7 1 • t t 
di = < and k= max{aj|z e /q}, 

I di otherwise 

and set I'^ = {i e /o|(ii|m}; then the multiplicity of m5 is 

n if k\m 



n—n 



k-i if 

which can be expressed also by saying that the root system with multiplicities is 

$ = $1-^ U $™ where $™ = {(m5,i)|m G Z \ {0}, di\m} 

(Denote by p : $ ^ $ the natural map) . 
Remark that for m 7^ we have 

(m6, i) e 4^ di\m -i^ m6 + ai e ^ <^ rruJi e W. 

There is also another decomposition of $: $ = U where $+ = $ fl = 
= {positive roots} and = — = {negative roots}. It induces an analogous 
decomposition of $ and of its real and imaginary parts, with obvious notations. 

Recall also the relation between the length function and the root system: l{w) = 
= {w) where 

= {a e ^+\w~^{a) < 0} : 
recall that if s^^ • ... • is a reduced expression then 

$+(si, • ... • SiJ = {s,^ ■ ... ■ Si,_,(aiJ|l <k<r}. 

Finally, l{ww') = l{w) + l{w') ^ ^+{w) C 

§1.3. Dynkin diagrams and classification. 

In the following wc list the affine Dynkin diagrams. The labels under the vertices 
fix an identification between / and {0, 1, n} such that Iq corresponds to {1, n}. 
For each type we also recall the coefficients (for i E Iq'- recall that ro is always 
1) in the expression S = 5^^^/ rjCKj. 

^ (r,/) (ri,...,rO 



A^i^ 1 0=0 (1) 



o 





A^n^ >1 — 0... 0—0 (1,-,1) 

" 12 n-l n \ ' ' / 



^(1) 



> 2 



o<C o o . . . o o o 

1 2 3 n — 2 n-1 n 



(2,..., 2,1) 



> 1 



0...0 o 

1 2 3 n—1 n 



(1,2, ..,2) 



> 3 



o o 0...0 o o 

2 3 4 n — 2 n — 1 n 



(1,1,2,..,2,1) 



(1) 



o o o o o 

2 3 4 5 6 



(2,1,2,3,2,1) 



E. 



(1) 



o o o o o o o 

2 3 4 5 6 7 



(2,2,3,4,3,2,1) 



E, 



(1) 



o — o — o — o — o — o — o — o (3, 2, 4, 6, 5, 4, 3, 2) 

2 3 4 5 6 7 8 \ l l l l l l l / 



.(1) 



G. 



(1) 



l(2) 



45 > 1 



o o<C o o o 

1 2 3 4 



n o 

1 2 



o<C o 

1 



o 0...0 o 

1 2 3 n—1 n 



(2,4,3,2) 
(3,2) 

(2) 
(2,. .,2) 



45-1 >2 



o=>o o. . .o o o 

1 2 3 n-2 n-1 n 



(1,2, ...,2) 



^(2) 



(2) 



D 



(3) 



> 1 



o 0...0 o 

1 2 3 n-1 " 



o o o<C o o 

12 3 4 



o ci<^ n 

1 2 



(1,...,1) 

(2,3,2,1) 
(2,1) 
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§1.4. The quantum algebra. 

In this paragraph we recaU the definition of the quantum group Uq associated to 

the aflane Kac- Moody algebra q^^^ of type and the main structures that Uq 

can be endowed with. 

Definition 1.4.1. 

Let Q^^^ be the affine Kac- Moody algebra of type 

We denote by Uq = Uq{'Sp^'>) = Uqi^x'^^) the quantum algebra of that is the 
associative C(q')-algebra generated by 



with relations: 



Ki — K' 

[Ei,Fj\ = 5ij 



-1 



-1 



l — aij 

E 



1 — a 



eiEjeI 



1 — a 



F^F F^ 

1 3 % 



Qi 



1-ai 

r=0 

where we set: 

i) Kx = Uiei^ if A = E.e/^ ^i^i e Qoo', 

ii) 9a = 9^^" Va e ?i = Qa, Vz e /, 9(^5,^) = qi V(m, z) e 

iii) [m]qr = _ ^-r ^^^d [m]qr! = IiriiW?'- Vm, r e Z; 

LsJ (7»" 



moreover 



S „"i ! r — S „m ! 



Vm G Z, Vs < r G N; 



iv) for further use let us also define Vo: G Vx G 

exPa(a:;)= J] 



m>0 



Ma! 



where Vo; G $+, Vm G N we have put 

, — r if « ^ 

{m)a= { ?a - 1 and (m)a! = 



m 



if a G ^if?' 



Remark 1.4.2. 

Recall that on Uq we have the following structures: 

1) the Q-gradation Uq — (BneQ^q,ri determined by the conditions that Ei G Uq^ai 
and Fi G Uq-ai Vz G /, K^^ G Wg,o Vz G /qo and Uq^Mq^ii ^ Wq,a+/3 Va, ;5 G Q; 

2) the triangular decomposition: Uq = Uq <S> Uq <S> U+ = U^ (S> Uq <S) W~ , where 
Uq and are the subalgebras of Uq generated respectively by {Ei\i G /}, 

{K^'\i G /oo} and {Fi|z G /}; define also U}'' = {U+,U^), U^^ = {Uq- M^Y, 
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3) the C-anti-linear anti-involution Vt : Uq ^ Uq defined by 

n{Ei) = Fi, n{Fi) = EiyieI; n{Ki) = K-^ yi e loo-, n{q) = q-^; 

4) the C(Q)-hnear anti-involution 'E : Uq ^ Uq defined by 

5) a braid group action commuting with O, verifying ST^ = T~^'E \/i G /, and 
preserving the gradation (that is Ty^ilAq^ri) = l^q,w{ri))'i more precisely 

Tw{Ei) G if G W Qxvdi G / are such ih.?ii w{ai) G (i.e. l{wsi) > l{w)), 

and 

T,(E,) = -F,K, Vz G /, T,{Ej) = (-l)'"""^^9r^^"""'^^.-^f ^ Vz ^ j G / 

r=0 

where Vm G N e}""^ = 

6) a Hopf-structure (A, e, 5), whose coproduct A : Uq ^ Uq ^ Uq is given by 

A(F,) = + 

A(K,) = Ki®Ki; 

Let us remark that Aofi = (7o(f2(8)f2)oA where a :lAq®Uq ^Uq®Uq is defined 
by a{x ® y) = y ® X] 

7) the Killing form, that is the unique bilinear form (•,•): U}^ ®Uf^ C{q) 
such that 

i) (x, 2/12/2) = (A(a;), 2/1 y2) Va; G Vyi, e W,^0; 

ii) {xiX2,y) = {x2 0xi,A{y)) yxi,X2 G Uf^, ^y G 

iii) (^OL^iOxW^^O- =0 if 7/ 7^77; 

iv) (Ka,kJ) = q-M VA,// G Qoo; 

v) (Ei,FO = ^T^^ ViGl; 

(■, ■) has the following important properties: 

a) (•, ■)\^+ ^jj- is non degenerate Vr/ G Q+; 

b) {xKx'^y) = {x,y) = {x.yKy) \/x G U+ , Vy G U' , VA G Qoo- 

2. COPIES OF ylj^^ IN \ 

§2.1. Definition of the root vectors. 

In this section we shall shortly recall Beck's results for non-twisted aflfine quan- 
tum algebras (see [1] and [2]) and prove that his method applies word by word 
to the twisted case, that is we can find a copy of Uq{A^^^) in Uq{X~^^) Vi G Iq, 
provided that (4'=\i) ^ (A£\ 1). 
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To this aim let us first define, Vi G /q, an element Aj e -Pas follows: 

Aj = diUi 

where we recall that di = min{m > 0|ma/i G W} (see 1.2.E). 

The next proposition and remark is what one needs in order to define the positive 
root vectors. 

Proposition 2.1.1 

Vm e N we have Z((Ai • ... • A^)™) = mEie/o ^('^»)- 

Proof: See [3]. □ 
Remark 2.1.2. 



= {mS - a e e Qo,rn > 0} U {m5 + a e $+|ci G Qo,m G N}. 

Moreover 

{m5-ae G Qj, m > 0} = |J $+((Ai ■ ... • An)'"), 



m>0 

{m5 + aG$+|aGg+,mGN}= |J $+((Ai • ... • A^)""^). 

m>0 

Proof: See [2]. □ 

The preceding results suggest to define the following sequence, by means of which 
it will be easy to give a suitable definition of the positive real root vectors. 

Definition 2.1.3. 

Let N = /(Ai ■ ... ■ An) and define i : Z — )■ Iq to be such that 

Ai • ... • An = ■ ... ■ S^^T 
ir+N = ''■('t) Vr G Z, 

where r is a suitable element of T (uniquely determined by the above condition); 
for further determinations of i see remark 2.1.5 and notation 4.2.5. 
Notice that l induces functions 

7.3 r ^ Wr eW and Z 9 r i-^ G 

by 

{s^^ • ... • Si^_iif r > 1 
and j3r = Wrioit ). 

It is well known (see [2]) that /5 is a bijection. 

Then we arrive at the definition of the root vectors: 

Definition 2.1.4. 

The positive real root vectors (with a G ^^^) are defined by 

T™,(i?,J ifr>l 
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Also, positive imaginary root vectors E^^^^^^ (with m > 0, i G /q) are defined by 



E 



iS,i) ■ "^mdi5— cvi"^* ^''■'^mdiS—ai' 



{md 

Similarly, the negative root vectors are defined by 

F^ = n{E^) ifae$;^ F^^n{E^) ifae¥^. 

Remark 2.1.5. 

It is worth remarking, for later use, that l can be chosen (and it will be chosen!) 
so that 3No = < Ni < ... < = N and 3ri, ...,Tn G T such that Vz = 1, ...,n 
Aj = StjVi_i+i ■ ••• ■ ^i-Nji (notice that ti • ... • Tn = r). 

If this is the case then 

Emd,s+a,=T^rW VmeN, 

Emd,6-a,=TZTr\E,) Vm>0, 

which depends on the fact that 

1) Ta^.Ta, =Ta,Ta^. Vz,jG/o; 

2) T\^{Ei) = Ei and Tx.Ti = TiTa^. Vi, j e /q such that j ^ i. 

Proof: See [25] and [6]. □ 

Definition 2.1.6. 

If i G /q we define Uq^ to be the C(g'^*)-subalgebra of Uq = Uq{X~^^) generated 
^y{E^,E,^,_^^,F,,FJ^,_^^^Kf,Kf^}. 

Obviously Uq^^ is Q-stable and pointwise fixed by Tx. for j E Io\ {i}. Moreover 

it will become clear that ujf^ is the smallest C(g'^*)-subalgebra of Uq containing 
Ei and Ki and stable under Tj^^,T^^; in particular we shall see that it contains 

7 , -F J r : , Ef 1 . and F, t r x Vm > 0. 

§2.2. The homomorphisms (fi. 

We are now ready to state the announced properties of the root vectors just 
defined and of the braid group action, which will allow us to construct homomor- 
phisms ipi : h{q{A'^^) — )■ Uq^ C Uq{X^^) for each i E Iq, under the only condition 
that z 7^ 1 if X~l^^ = ^2n' condition that we shall assume in the remaining part 
of section 2. These homomorphisms (fi behave "well" on the root vectors (that 
is, they transform root vectors in root vectors, see corollary 2.2.3), and this fact 
immediately implies some important consequences: in particular we shall translate 
the commutation relations from Uq{A^^) to Uqi^xj^^). We shall also underline the 

obstruction that we meet if we try to apply the same argument when X~^^ — A^J^ 
and i = 1: this last situation will be studied in sections 3 and 4. 

Lemma 2.2.1 

Assume, as required, that xj^^ ^ ^2^^ or i 7^ 1; then we have: 

1) l{X^s^X,) = 2/(A,) - 1; 

2) iTxT-'re{Tx^\jj^z): 

3) [Ei,s-a,,Fi] = and E,E^^,^^^ = q-'E^^,^^^E,. 
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4) Vj e /o \ {0 we have [Tx^T'^fT^'' e (T^Jr e Iq \ in particular 



Proof: For the proof see [25] and [1]. Here we want just to point out that all the 
statements are based on the fact that there is no root a of the form a = mS + eai 
such that did + ct^ -< a -< cij. 

(2) 

Remark that this is no longer true in case for z = 1: indeed in this case we 
have 5 + ai ^ 5 + 2ai -< ai. Hence the existence of roots of the form mS + 2a with 
a E $_|_ n Qo (which never happens if we are not in case ^2n ) what makes the 
difference between this case and the others. □ 

Since Beck's construction of the homomorphisms : V(q{A\^^) — )> ujf^ C 
(and their properties) is based on the statements of lemma 2.2.1 the argument used 
in [1] applies exactly to the present situation, so that we have: 

Proposition 2.2.2 

If Xfl^^ ^ A^J_ or i ^ 1, then there exists a C-algebra homomorphism 

<^,:W,(4'^)^W«CW,(xf ) 

verifying the following properties: 

1) <fi{Ki) = Ki, <fi{KiKo) = K^,g and (fii{q) ^ Qi ^ q'^'; 

2) ^i{Ei) = Ei and ^,{Eo) = E^^^-a-^ 

3) (fifl = flipi] 

4) (fiTi = Ti(pi and (piTr = T\J^~^(fi, where r is the non trivial Dynkin diagram 
automorphism of ^^''^^ □ 



Suppose again that x'^^ ^ A^^l or z 7^ 1 and let Vi be the group homomorphism 



i'i{a) if a is real 
{yi{a),i) if a is imaginary; 



Corollary 2.2.3 

)se again th 

Vi : Q{A^^'') — >■ Q{Xfl^^) defined in the obvious way by i'i{ai) = ctj, i'i{5) = diS; 
furthermore let the injection i>j : ^^{A^^^) — > $+(x|^^^) be given by: 

r 7A- if (T is r( 

i^i(a) = < 

Then (pi has the property that 

iPi{E^) ^ Ei,^^^) Vae$+(4'^) 

and 

^i(^«) = ^,^(,) VaG$™(4'^), 
where the vectors E^^^,g are defined by the relation 

m>0 \ m>0 / 
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□ 

As an immediate consequence of corollary 2.2.3, we have the following proposi- 
tion. 

Proposition 2.2.4 

Suppose as before that {X~^\i) ^ (^2n ' 1); ^^^^ we have the following relations 
inW,(X«): 

2) 7^A,(%,;,,,)) = E^rd.s,i) and T,^ = Vr > 0, j e Iq; 

3) = 5,.!^^:^^^^-^ Vr,. > 0; 

[^(rdi5,i)'^sdi<5+aj = ~^r^ ^ (r+s)did+ai ^nd 
[-^(rdi5,i)'-^(s+l)di<5-aj = ^ {r+s+l)diS-ai Vr > 0, S > 0. 

Proof: The claim follows applying (pi to the analogous relations holding in 

Uq{A[^'^) (see [5] and [1]). □ 



3. THE CASE OF 



I (2) 

(2) (2) (2) 

In this section we study the case of sl^ = A2 (and Uq will indicate ^5(3(3 )). 
In particular we want to understand some important properties of the imaginary 
root vectors, their commutation rules, and their behaviour under the action of the 
braid group. 

§3.1. Real root vectors. 

(2) 

Recall that the Dynkin diagram of A^ ' is 

1 

and that we can describe its roots as follows: 5 = ao + 2ai and 

= {m6 + ai, {m + l)6 - cui, (2m + l)6±2ai\m e N}, 

$ipi = {(TO + l)5|meN}; 
moreover oji — uji = sqSi: indeed di = 1 and 

sosi(ai) -so(cn) = -(«i + cto) = -S + ai = uji{ai). 
It follows that the real root vectors are given by: 

E(m+l)5-ai = (ToTi)'"To(-E'i), 
-E'(2m+l)<5+2ai = (7oTi)~™'T^ ^(-E'o), 
E(2m+l)5-2ai = {TqTi)"^ {Eq) . 
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We shall now give the following proposition which will semplify many calcula- 
tions. 

Proposition 3.1.1 

Vae$-\{«o} ToS(E«) =E,„(,). 
Vae$-\{«i} STi(E«) = E,^(,). 

Proof: S(£^Q,) e W^^,, hence ToE{Ea) G l{q^so{a)'i it is then enough to prove that 
ToE{Ea) is a root vector, which is easily seen: 'ToS(ToTi)-'^(Ei) = {ToTi)'^To{Ei) 
and similarly for the other root vectors, so that the first assertion is proved. From 
this result and from the fact that (ToH)(STi) = TqTi the second assertion of the 
proposition follows immediately. □ 

We shall now give some simple commutation relations between the real root 
vectors. 

Lemma 3.1.2 

[Es-ai,Fi] = -[4]qKiEo and EiEs+a^ - q~^Es+aiEi = q~^[4]gEs+2ai- 
Proof: The first identity is a straightforward computation, using that 

Es-ai = To{Ei) = —EqEi + q~^EiEQ; 

the second relation is STi applied to the first one. □ 
As a first application of lemma 3.1.2 we state the following proposition: 

Proposition 3.1.3 

{El, Es-ai, Fi, Fs-ai, , Kq^} is a system of generators of Uq as a C(g)- 
algebra. 

Proof: Let A be the C(q')-subalgebra oiUq generated by 

{El, Es-ai,Fi, Fs-ai,K^^, Kq^}. 

It is then enough to prove that Eq,Fq G A. Since A is fi-stable it is enough to 
prove that Eq e A. But Eq = - j^K^'^lEs-a-,, Fi] e A. □ 

Corollary 3.1.4 

The least subalgebra of Uq containing Uq and Ei and stable under the action of 
TqTi and TqS is Uq. □ 

§3.2. The imaginary root vector Es. 

Here we want to study some properties of Eg, where we recall that 



Es = —Es_aiEi + q EiEg. 



Proposition 3.2.1 

To'E{Es) = Es. 

Proof: The claim follows immediately from the definitions and thanks to propo- 
sition 3.1.1. □ 



Proposition 3.2.2 
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The following commutation rules hold: 

[Es.Ei] = -[3]g\Es+a„ [Es,Fi] = -[3]q\KiEs-a,. 

Proof: The proof consists in simple computations using the following ingredi- 
ents: Es = EoEf - q-^[2]qEiEoEi + q-^EfEo (by the definition and the fact that 
Es-ai = —EqEi + q^'^EiEo), 

Es+a, = T^^T^\E,) = T,-\-E^Eo + q'^EoE^) = -K^'[T^\Eo), F,] = 



and 



Y,{-^rQ-''E'f^EoEt''\F, 

.r=0 



_^(_l)r^-2r^(r)^^^(3-r) 
r=0 



[ET.F,] = [m],^- I, ET-\ 

q-q 



□ 



Proposition 3.2.3 

'ETi{Es) = Es (hence TqTi{Es) = Es, thanks to proposition 3.2.1). 
Proof: Since ETi{Ei) = -K^^Fi we have that 

ETi{Es) = K^^FiEs+a, - q'^ Es+a,K^^ F^ = -K^^Eg+a^F^] = 
= -^K-'[[Es,E,],F,] = -^K-'[Ei, [[Es,F^]] = K-'[E,, K,Es-a,] = Eg. 

□ 

Corollary 3.2.4 

Applying a power of TqTi to proposition 3.2.2 we get that Vm e N the following 
commutation relations hold: 

[Es,Em5+ai] = -[^]q^-E(rn+l)S+aiJ [Es, E(^rn+l)S-ai] = [^]q^-E(m+2)S-ai- 

□ 

We conclude this paragraph with the commutation rules between Es and the 
simple root vectors Eq and Fq. 

Lemma 3.2.5 

[Es,Fo] = -(g2 - l)[3],EfK^' and [Es,Eo] = -(g^ - l)[3],i?2_^^. 

Proof: The first relation is found by straightforward calculations; the second 
relation is found by applying TqS to the first one. □ 

§3.3. The imaginary root vectors EmS' 

Here we generalize to the vectors E^s — —EmS-aiEi + q~^EiEmS-ai what we 
know for Es- 

We start by proving the equivalence between some commutation rules among 
the imaginary root vectors and their behaviour under the action of TqTi . 
This is completely similar to what happens in the case of A^^\ 
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Lemma 3.3.1 

Vm > the following implications hold: 

[Es,Ems] = <^ ToTi{E(^rn+l)s) = -£'(m+l)(5 

and 

ToTi(E(^+l)5) = -^(rn+i)^ <^ ToS(E(^+i)5) = -E(m+1)<5 = ^^"1 (-^(m+l)^) • 

Proof: See [5]. □ 

The following proposition is a fundamental tool in the study of the imaginary 
root vectors. 

Proposition 3.3.2 

Let Pm be the following statement: 

i)m ToTi{Ems) = Em5 = ^O^^l-E'mj) = =^^1 (-E'mj); 
^^)m -E'o-E'(m-l)5+ai " 9~^-E'(m-l)5+ai -E'o = 

= T^{{q^ -q^- q-^)Es-a^E^m-i)S + {q^ + q'^ - q-'^)E^m-i)5Es-a^ + 

+q'^ E25-aiE(^m-2)5 — 9 ^-E'(m-2)(5-E'25-ai ) I 

iii)m [Em5, El] = {q"^ - q~'^)E(^m_i^sEs+aj^ + {q^ - q~^)Esj^a^E(^rn-i)5+ 

+9^-E'(m-2)5-£^2(5+ai " q~^ E25+aiE(^m-2)S'i 
i'^)m [EmSi Es_oii] = -{q'^ - q~^)E2S-aiE(^rn-l)5 " (^^ " 9~'^)-E'(m-l)5-E'25-ai + 
— q^EsS-aiE(m-2)S + q~^ E(^^_2)5Ezs_cti'-i 

v)m [Er5, Ess] =0 \fr,s <m. 

Then, if we set E-s = and £'05 = ^^-=T) -fm is true for every m > 0. 

q-q 

Proof: The proof is an induction on m. 

If m = 1 remark that: i)i is proposition 3.2.1 and proposition 3.2.3; is the 
expression of Es-^^ in terms of £^0 and Ei, is proposition 3.2.2; iv)i is TqE 
applied to f )i is obvious. 

Let m be bigger than 1. Then: 

i) m follows immediately from v)m-i (which in particular implies [Eg, £(^-1)5] = 
0) and from lemma 3.3.1. 

ii) m is obtained by the following steps, where we shall indicate among the lines 
the results that we need to pass from one side to the other of the identities: 

-£'0-E'(m-l)(5+ai - 9~^-E'(m-l)5+ai-E'o = 

{corollary 3.2.4} 

1 



rol i"(-^0-E'<5-E'(m-2)5+ai " -E'o-E'(m-2)5+ai -E'<5 + 
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-q ^EsE(^m_2)s+aiEo + q ■*-E'(m,-2)<5+ai-E'<5-E'o) = 
{lemma 3.2.5} 

+ - l)[3](z(^|-ai-^(m-2)<5+ai - g~'^-£^(m-2)<5+ai -£^|_ai )) = 

{i)m-i, ii)m-i and definition of E(^rn-i)5} 

^ [-^[Es, {(f q~^)Es-a,E^m-2)S + {Q^ + ^"^ - q-^)E^m-2)5E5-oc,+ 



[3].!V[4], 

+Q'^-E25-ai-E'(m-3)5 — 9~^-^(m-3)(5-E'25-ai] + 
-(9^ - l)[3]q-E'5-Qi-E'(^_l)5 - (1 - q~'^)[^qE(^rn-l)&E5-oi^ = 

{corollary 3.2.4 and v)m-i} 

= ~J^ii^'^ -Q^ - Q~'^)E25-aiE(^rn-2)5 + {(f' + - Q'~^)-E(TO-2)<5-E25-ai + 

+Q'^-E35-ai-E(m-3)5 " Q'~^-£^(m-3)<5-£^35-ai + 
- l){q^ + q-^)Es-a^E^m-l)6 - (1 - + = 

{reordering the summands} 

^ ((9^ - 9^ - q-'^)Es-a,E^m-l)S + + - 9-^)^(m-l)5^5-ai + 



[4], 

2)5 - Q -E'(m-2)5-E'2<5-ai) + 
([-^(m-l)(5)-E'i5-ai] + {(f " Q'~^)-£^25-ai -E(r„-2)<5 + (O'^ " Q'~^)-£'(m-2)5-£'2(5-Q;i + 



[4] 

+9^-E'35-ai-£^(m-3)<5 " <7~^-E'(m-3)<5-£'3<5-ai ) 

{iv)^_i} 

1 



((g^-g^-g ^)Es_oc^E^^^_-i^)s + {q^ + q ^-q '^)E(^^_i^sEs-ai + 



[4], 



+1'^ E2S-aiE(^rn-2)5 - Q ^-^(m-2)(5-^25-ai ), 

which is the claim. 

iii)m is the result of the following computations, where the first identity is true 
thanks to i)m'- 

[Em5,Ei] = [—E(^fn_i)s_o,^Es+ai + 9~^-E'<5+ai -E'(m-l)5-ai ) -^'l] = 
= -E(Tn-l)S-aiE5+aiEi + q~'^ Es+aiE(rn-l)S-aiEi + 
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+-E'l-E'(m-l)<5-ai-E'<5+ai -Q -E'l-E'<5+ai -E'(m-l)<5-ai — 

{lemma 3.1.2 and definition of E(^^_i^s} 

—q '^Es+aiEi^^_i^s + EiE(^^_i')S-aiEs+cxi — Q ^-E'l-E'(5+ai-E'(m-l)<5-ai = 

{definition of E^^_i-jg and lemma 3.1.2} 

+ [4]q(-E'(m-l)<5-ai-E'(5+2ai ^ '?~*^-E'5+2ai -E'(m-l)<5-ai ) = 

{Sri(n)^) and i)m-i,m-2} 

= ?^-E'(m-l)<5-E'<5+ai " 9~^-E^<5+ai -E'(m-1)<5 + - - ?~^)-E'(m-l)<5-E'<5+ai + 

+ (g^ + - 9~^)-E'<5+ai-E'(m-l)5 + <?^-E'(m-2)5-E^25+ai " q'~^-E'2<5+ai-E'(m-2)5 = 

= (Q'^ - Q~'^)E(m-l)5Es+ai + {(f' - Q'~^)-£^<5+ai-£^(m-l)(5+ 
+9^-E'(m-2)5-E'2<5+ai " 9 ^-£'2<5+ai -E'(m-2)(5; 

which is iii)m- 

iv) m is found by applying TqS to iii)m- 

v) m- we have to prove that [EmS, Ks] = Vr < m. Since [EmS, Ks] e ^q^(^rn+r)5 
it is enough to prove that it commutes with Fq and Fi (see [27]): in particular, 
proving that it belongs to the center of Uq will solve the problem; but the set 
of the elements of Uq commuting with [Ern6,Ers] is a subalgebra of Uq obviously 
containing U^ and stable by the action of TqTi and TqS (because [EmS, Ers] is fixed 
by TqTi and TqE). Hence the problem reduces (see corollary 3.1.4) to show that 
[[Em5, Ers],Ei] = 0, that is [EmS, [ErS, El]] = [Er6, [EmS, El]]: this wiU be done by 
induction on r: 

r = 1: proposition 3.2.2, i)^, {TQTiy{iii)m) and v)m-i imply that 

[EmSi [Es,Ei]] = -[3]ql[Em5, Es+ai] = 

= ~[3]g!((9^ - l)[3]q-E'(m-l)<5-E'25+ai + (1 " ?~^) [3]q-E'26+ai -E'(m-1)<5 + 
+9^-£'(m-2)(5-E'35+ai — <1~^ Ess+aiE(^rn-2)s) = 
= [Es, {q^ - l)[?,]qE^^rn-l)5E5+oci + (1 " ?~^) [3] g£^5+ai ^(m-l)<5 + 
+(f'E^^_2)sE25+ai — (l~^E2d+aiE(^rn-2)5] = 
= [Es,[Emd,Ei]], 

so that [Ejns, Eg] = 0. 
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r > 1: notice that if we put xi ^ q"^ — q ^ ■, yi^ q^ — q q^, 2/2 = — q ^, 

we have that Vm < m, Vv e N (applying (TqTi)"" to iii)u) 



[EuS,EvS+ai] — '^{XsE(^u-s)5E{v+s)5+ai + ysE(^v+s)5+aiE{u-s)5)', 
s=l 

hence, using the inductive hypothesis and v)m-i, we get that 



[EmS, [ErS, El]] — 



EmS, ^(a;s-E'(^_s)5£'s5+Q,i + ysEsS+aiE(^r-s)s) 



— ^2 i^sXtE(^r-s)6E(m-t)sE(s+t)S+ai + XsytE(r-s)sE(s+t)S+aiE(m-t)S+ 



s,t=l 



+ysXtE(m-t)sE(s+t)6+aiE(r-s)d + ysytE(s+t)6+aiE(m-t)sE(r-s)s) = 



Er6, ^2 ^tE(^m-t)sEtS+ai + ytEt5+aiE^^_ 



t)5 



t=l 

which is the claim. 



= [ErS, [EmS, El]], 



□ 



§3.4. Commutation between positive and negative real root vectors. 

The preceding proposition is first of all useful in proving other commutation 
relations, now involving the real root vectors. 



Lemma 3.4.1 

Vr, s e N we have that: 



K, 



r<5+ai 



^^f^^ if r = s 



q-q 

-Ks5+aiE(^r_s)s if r > s 

K(r+l)5-ai - -^(,.+i)^_ai 
T 



b)r,s [-E(r+l)5-ai) -^(s+l)5-ai] — ^ 



K 



q-q 

E< 



^ F{s-r)5K{r+l)S-ai 



if r = s 

if r > s 
if r < s. 



Proof: a)r,r is proved by applying {TqTi) ^ to the identity [Ei, Fi] = — — ^\ ;| 

if r > s a)r,8 follows from the identity —E(^j._s^§_(y^Ei-\-q~'^EiE(^r-s)6-ai = E(^r-s)5 
again applying to it (TqTi)"^; if r > s a)r,s is nothing but Q applied to a)s,r- 
As for assertion b), we have that b)r,s = STi(a)r+i,s+i). □ 

§3.5. The imaginary root vectors EmS- 

Recall that the subalgebra of generated by the EmS^s is a commutative sub- 
algebra pointwise fixed by TqTi and TqE (see proposition 3.3.2). Hence it makes 
sense to introduce new imaginary root vectors by the following equation: 



Definition 3.5.1. 
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Let us define some new elements in the subalgebra of Uq generated by the EmS^s 
by the following identity: 

1 - - q-') E E^su"^ = exp ({q - q-') ^ E^^suA . 

m>0 \ m>0 / 

Remark that of course Vm > EmS G l^q^g and EmS + EmS belongs to the 
subalgebra of Uq generated by {Ers\r < m}. 

Proposition 3.5.2 

Vm > we have the following commutation relations: 

[EmS, El] = ^^{q^^ + {-ir-' + q-^nEmS+a,. 
m 

Proof: The idea of this proof is completely similar to the proof of the analogous 
result for A\^^ (see [1]). 

Let S^, : Uq ^ Uq be the operators of left (+) and right (~) multiplica- 
tion respectively by E^s and E^s (where we keep on indicating by £'0,5 and E^g 

respectively ^^-^r and 0) and let us set 

q-q 

^±(«)=^^±«-, 5±(«)=^5±«-; 

m>0 m>0 

moreover let us indicate by T the automorphism {ToTi)~^: remark that Vm 

S^T — TS^ and S^T = TS^. 
Now observe that point Hi) of proposition 3.3.2 can be written by saying that Vm 

= - Q-')St.-iT + {q' - q-')S-_,T + q'S+_,T' - q-'S-_,T') {E,) 
or, also, (multiplying by u'^ and summing over m) 

S+{u){l + q-^Tu){l - q^Tu){E^) = 

= S-{u){l + q^Tu){l - q-^Tu){E^y, 
multiplying both sides of this identity by —{q — q~^) and considering that 

log(-(9 - q-')S^iu)) = iq- q-')S^iu) 

we get that 

{q-q-'){S+{u)-S-iu)){E^) = 
= (log(l + q^Tu) + log(l - q-'^Tu) - log(l + q'^Tu) - log(l - q^Tu)){Ei), 
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that is 

m{q — q ) 

[^^]<? ^^2m I /■ -i\m-l j_ -2m\rp 

m 

□ 

The last proposition generahzes immediately to the following more general rela- 
tions: 

Corollary 3.5.3 

Let m be bigger than 0; then Vr G N we have: 

a) r [Emd,Er5+ai] = ■^^^^("J^™' + (-l)'""'^ + Q~'^'^)E(m+r)S+ai', 

b) r = -^(^^"^ + i-l)^-' +q-^^)E^m+r+l)S-a,; 



m 

[2m] 



l(^2m + (_i)m-i + if r > m; 



m 

d)r [-Em^, i^(r+l)<5-ai] = 

[2m], 



m 



m 



\^q2m + + g-2m)^-l^^^_^^^^^_^^ if r > m. 



Proof: a)r is (TqTi) applied to proposition 3.5.2; h)r is STi applied to a)r+i; 
c)r is (ToTi)~'~STi applied to a)o; finally (i)^ is STi applied to c)t.+i. □ 

Corollary 3.5.4 

The imaginary root vectors form a "Heisenberg" algebra, with commutation 
relations given by: 

r q-q 

Proof: The claim is a straightforward consequence of proposition 3.3.2 and 
corollary 3.5.3; see also [4]. □ 

4. yl£^ AND A COPY OF A^K 
§4.1. Definition of cpi. 

The aim of this section is to prove that the particular situation of sl'^^ = A^^ 
studied in the preceding section plays, in some cases, the same role as £[2^^ does in 
general. More precisely we know that if z is a vertex of the finite Dynkin diagram 
associated to an affine algebra Q^''\ then, provided that g^'^^ is not of type A^^ or 
that i is not 1, there exists a homomorphism of C-algebras (pi : ^5(512^-*) ^^qid^'^^) 
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such that (fii{Ei) Ei, (pi{Eo) = E^^g_^,, ipi{q) = and Q<fi = (piQ; moreover (pi 
is such that Tiipi = ifiTi and Tx^(pi = (piT^'j^{= ipiToT-T-) (that is Ti corresponds to 
Ti, Tr = ToT^Tf ^ to TxiT-^ and Tq = TqT^ to T^.T'^) (see proposition 2.2.2). 

Here we want to study the remaining cases, namely the situation where g^'^^ is 
of type and i = 1: in this case we construct a homomorphism of C-algebras 

(pi : Ug{sl^^^) — )■ Uq^^ C Uq{Q^^^) such that tpi^q) = qi{= q) {ipi is indeed a ho- 
momorphism of C(g) -algebras), (fi{Ei) = Ei and Q(fi = fiQ; moreover is 
such that Ti(pi — ipiTi and T^^iV^i — '^iTojii— 'PiTqTi) (that is Ti corresponds 
to Ti and Tq to T^^T^"^). Of course now the image of Eq can't be Eg^ai (since 
S — ai has the same length as cti while ckq is longer): in this case we will have that 

'PliEo) = Es-2ai- 

Definition 4.1.1. 

Let Lpi : Uq{A^2^) — )■ Uq^^ C V(g{A^J^) be the homomorphism of C(g)-algebras 
defined on the generators as follows: 

ip,{E^) = E,, ipi{Fi) = Fi, ^^{Kt^) = Kt\ 

Our program is to prove first of all that tpi is well defined (of course if this is the 
case then it commutes with Q), point to which we devote paragraph 4.3, after §4.2, 
whose aim is recalling and describing some (mainly combinatorial) properties of the 
root system and Weyl group of type A^^ ; then, in §4.4, we shall study the relations 
between the braid group action and <^i. These are the main tools which will allow 
us to construct a PBW-basis. 

§4.2. Root system and Weyl group: some properties. 

In this paragraph we shall study the properties of the root system and the Weyl 

(2) 

group of which will enable us to attack the central problem of this section, that 
is the research of a copy oiUqiA^ ') inUqiA)^^). What we need in particular is a 
more explicit description of the root vectors (in particular of some root vectors) and 
their behaviour under the action of the braid group, goal which can be achieved via 
a closer analysis of the Weyl group. More precisely our attention will concentrate 
on the study of a reduced expression of ui (remark that cui = a/i, since di = 1) and 
of some of its properties, what will help us in manipulating the root vectors. 

Remark 4.2.1. 

= n{n + 1). 

Proof: It is enough to compute the cardinality of $+(a;i): 

$+(a;i) = {ae ^(cu) < 0} = < 5 - e^ar\l < A; < n, e = 1, 2 > U 



r=l 



k I 



U 

SO that 



£5 — 2^Q!j.— ^ ar\l<k<l<n,e — l,2>, 

r=l r=k+l 

#$+(a;i) = 2 fn + ^'1^ ) = n(n + 1), 
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which is the claim. □ 

The element of the Weyl group which we are now going to introduce will play 
an important role in what follows. 

Definition 4.2.2. 

In the following w will denote the element of W given by: 

W = SQSnSn-l • ■■■ ■ Si- 



Lemma 4.2.3 

The action of w on Q can be described as follows: 



w{ai) = 



—S + ai + ... + an if z = 1 
5 — {a2 + ... + an) a 1 = 2 



if 3 < z < n. 



Furthermore ^Ik ^'L 



w^{ai) = < 



5 + Er=l " 



if i = 1 



a- 



^ 5 - {a2 + ... + an) 



li 2 <i < n and i — k ^ 1 
if 2 < i < n and i — k = 1, 



where : Z ^ {1, n} is the application such that k = k (mod n) VA; e Z. 
Proof: It is clear that if 3 < z < n then 

w{ai) = SoSn ■ ... ■ Si{ai) = SqS^ • ... • Sj_i(Q!j) = SoSn • ... • Sj+i(Q!j_i) = Q!j_i; 

also, it is straightforward to see that w{ai) = —d + (ai + ... + w{a2) = 
= 6 — {a2 + ... + an) and w{ao) = ckq + 2an = 6 — 2 Er=i '^r, which proves the first 
assertion. 

Remark that w'^{a2) = a^ so that the second assertion immediately follows for 

2<i<n. 

The fact that w{ai + 012) = cii implies that w{ai + ... + ar) = ai + ... + a^-i 
Vr > 1, which easily leads to the remaining assertions for z = 0, 1. □ 

Corollary 4.2.4 

oji = w"^ and {soSn ■ ... ■ si)"^ is a reduced expression of oji; in particular we have 

thatT^, =r- = (Tor,-...-Ti)-. 

Proof: That ui = tu" follows from the fact that w'^{ai) = ai when i e Io \ {1} 
and w'^{ai) = —S + ai (see lemma 4.2.3). The remaining assertion is an immediate 
consequence of lemma 4.2.1. □ 

Notation 4.2.5. 

We fix L so that z,^ + r = 1 (mod n + 1) whenever 1 < r < n{n + 1) (this can be 
done thanks to corollary 4.2.4; see also remark 2.1.5). 
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Corollary 4.2.6 

w'^~^{ao) = S — 2q!i; in particular Es-2ai = T^'^-i{Eq). 

Proof: That w'^~^{ao) = 5 — 2a\ is a direct consequence of lemma 4.2.3. Since 
T^n-i(£'o) is a root vector, it must then be Es-2ai- □ 

The lemma that we are now going to propose is devoted to the study of the 
reduced expressions of some suitable elements of the Weyl group. Here lies perhaps 
the main difference between this case and the general case that has been recalled 
in section 2: indeed in that case l{uiSiUi) = 2l{uji) — 1, and this implied that 
{T^J^T^^Y acted as the identity on the subalgebra oiUq generated by {E'j, E'j-q,^} 
(see lemma 2.2.1 and remark 2.1.5); this is no more true here. However we can still 
say something. 

Lemma 4.2.7 

1{sqwsiuji) = l{sowsi) + /(wi), so that T^^^^^^k = Tg^^siT^ V/c E {0, n}; 

l{soWSiUJi) = l{wSi) + l{siW~^SoWSiLUi), that is Ts^wsnoi = T^siTa^w-'^sowsiOJi; 

moreover sowsiw'^~^{ao) = ao and siw~^sowsiU)iSi{ai) = ai. 

Proof: The first statement means that ^^{sowsi) C ^^{sowsiooi). 

Now {sowsi)~^{^+{sowsi)) C X]r=2 which is pointwise fixed by ui, so that 

a e ^+{sowsi) =^ {sowsiLiJi)~^{a) = {sowsi)~^{a) < =^ o; e ^+{sowsiUJi). 

The second part of the lemma is equivalent to saying that (wsi) C (sowsiOJi) 
Of course 

= {soSn- ■■■■ Sr+i{ar)\2 <r < n + 1} = {ao + an + ■■■ + ar\2 <r < n + 1} 

so that, if 2 < r < n + 1, {sowsiU)i)~^{ao + + ... + a^) = 

J u}i^{ao + 2an + ... + 2ar+i + ar + ... + a2) ii r < n 
\ oj^^{ao + 2an + ... + 2q!2) if r = n + 1 

( -6 - {ar + ... + Q!2 + 2q!i) < if r < n 
~ \ -5-2ai<0 if r = n + 1. 

Now we have that 

sowsiw^~^{ao) = sowsi{5 — 2ai) = sow{5 + 2ai) = so{25 — {w{5 — 2q;i))) = 

= so(26 - a;i(Q!o)) = souji{6 + 2{ai + ... + an)) = so(-ao) = ckq- 
Finally we get that 

siw~^sowsiUJiSi{ai) = siw~^sow{S + ai) = 

= siw~"^(q!o + cti + ... + an) = si{—ai) = ai, 
which concludes the proof. □ 
Corollary 4.2.8 

E5-2ai = T~l,g_^{Eo) and Es-a^ = T~l^g^Ty;si{Ei). 

Proof: Straightforward consequence of lemma 4.2.7. □ 
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§4.3. (fi is well defined. 

Here we want to prove that (pi is well defined, which means that the relations 
between the "canonical" generators of Uq{A2 ) (that is Ei, F^, for i = 0,1) 
are preserved by (pi (so that (fi : Wq(A^^'') — > Uq{A^J^) is well defined), and that 

E5-2ai £ Wg^^ (so that ifi effectively maps 

For some of these relations this result is immediate as indicated in proposition 
4.3.2. The others will require some more work. 

Let us recall which are the relations that we are speaking about: 

Definition 4.3.1. 

Uq{A^^) is the C(g)-algebra generated by {E^, Fi, K^^\i = 0, 1} with the follow- 
ing relations: 



[KK] K^Ko = KoKr, 



[KE] KiEi = q'^EiKi, K^Eq = q'^EoK^, KqEi = q-^E^Ko, KqEq = q^EoKo; 



[KF] K^F^ = q-^F^K^, K^Fq = q^F^K^, KqF^ = q'^F^Ko, KqFq = q-^F^K^; 



[EF] [E„F,]^ ^'' [Eo,Fo]^ ^l \\ [E,, Fo] ^ ^ [Eo, F^]■, 

q-q q -q 



[EE] Y.^-iyE^^^E^E^^-'^ = = ^(-i)^£;i"^£;o£;p""^; 

r=0 r=0 



[FF] ^(-l)^F(S"^FiFo^'-^) = = Y^i-^YF^^FoFi^-''^ 

r=0 r=0 



Proposition 4.3.2 

The relations [KK], [KE], [KF] and [EF] are obviously preserved by (/?!. 

Proof: The subalgebra of l{q{A2^) generated by {Ei\i ^ 1} (to which Es-2ai 
belongs) commutes with Fi, so that [Es-2aii Fi] = (and of course [Ei, Fs-2ai] = 
= Cl{[Es-2ai, Fi]) = 0). The other relations are trivial. □ 

The point is now to prove the remaining relations. 
Remark 4.3.3. 

Once we have proved the compatibility of relations [EE] with the definition of 
(pi , it is enough to apply $7 in order to find the same result for [FF] : indeed both the 
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left and the right hand sides of [FF] are found by applying fl to the corresponding 
expressions of [EE]. 

Lemma 4.3.4 

In Uq{A^2n) we have that Es-aiEs-2ai = q~'^Es-2aiEs-ai- 

Proof: Since E5_2a, = ^^"-1(^0) and Es-a, = T^,T-\Ei) = T^r.T-\E^) 
we can apply Levendorskii-Soibelman formula (see [23]): the claim follows from the 
fact that {5 — 2ai\5 — ai) = 4, and that the only possibility for a sum of positive 
roots of the form m5 — a (with a a positive multiple of a root of the finite system 
associated to A2n ) t)e equal to 25 — 3q;i is that these positive roots are 5 — 2ai 
and S — ai. □ 

Lemma 4.3.5 

—EoT^Tn-i ■ ... ■ Ts{E2) + q~'^TnTri-i ■ ■■■ ■ Ts{E2)Eo = TqT^T^-i ■ ... ■ Ts{E2). 

Proof: Since T^T„_i ■ ... ■ Ts{E2) G W+q,^^. ^^.^ we can write it as Y^xEnV 
where x,y G {E2, En-i); in particular x and y commute with Eq and are fixed 
points for Tq. Then we have 

-EoTr,Tr,-i-...-Ts{E2) + q-^Tr,Tn-i-...-Ts{E2)Eo = J2^{-EoEn + q-''Er,Eo)y = 
^J2^'^o{En)y = To (j2^Eny) = ToTnTn-i ■ - ■ Ts{E2). 

□ 

Corollary 4.3.6 

In l{q{A^2n) we have that -Es-2aiEi + q~^EiEs-2ai = Es-a^- 
Proof: The proof consists of a computation in which lemma 4.3.5 and corollary 
4.2.8 play a fundamental role: if n > 2 

-Es-2aiEi + q~^EiEs-2ai = -T~lusiiEo)Ei + q~'^EiT~l^^_^{Eo) = 

= 'T~ljs^i-EoTsoyjs^{Ei) + q~'^Tsowsi{Ei)Eo) = 
— T~lug^{—EoTsQyjsiS2i~E2Ei + q~^EiE2) + q~'^TggvjsiS2i~E2Ei + q~'^EiE2)Eo) = 
= -T-Uii-EoT^ ■ ... • Ts{E2) + q-^T^ ■ ... ■ n{E2)Eo)E^ + 
-q-^E^{-EoTn ■ ... • Ts{E2) + q'^T^ ■ ... • Ts{E2)Eo)) = 
= -T-lg^{ToTnTn-i ■ ... ■ n{E2)E^ - q-''E^ToTnTr,-^ . ... ■ n{E2)) = 

= T~ljs^ToTnTn-i ■ ... ■ T3{-E2Ei + q~'^ E1E2) = T~l^g^T^s^{Ei) = Es-a^, 

where we have used that [Ei, Eq] =0. □ 
Proposition 4.3.7 

The following relation holds in Wq(^2n)" 



r=0 
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Proof: The proof is a simple application of lemma 4.3.4 and corollary 4.3.6. □ 

So we are now left to prove just the last relation [EE]. To this aim we start by 
recalling a very simple and basic combinatorial lemma. 

Lemma 4.3.8 

Let a, b be elements of a C(q')-algebra satisfying the relation 



r=0 



ru„k-r 



a^ha 







for some natural number k and some integer p. Then a, h also satisfy the relation 



r=0 



fc + 1 

r 



Proof: The proof is a straightforward computation based on the identity 

k 

r- 1 





"fc + l" 




'k 


_l_ qk+p+iqP{r-i 




r 


Q 


f. 


q 



□ 



Before going to the point, we study some other simple relations. 
Lemma 4.3.9 

The following is true in Uq{A2^): 

[Es-2a„Fi]=0 Vze {3,4,...,n}; 

[Twn-2(Eo), El] = = [Tyjn-2(Eo), F2]. 

Proof: The proof consists in some easy remarks: 

1) if z e {3,4...,n} then T^.^sAFi) = T^Tr,-i ■ ... • Ti_i{Fi) = which 
commutes with Eq, so that 

[Es-2ai,Fi] = T'l^^Ai^o, Fi-i]) = 0; 

2) To-^(£5_2aJ = To-iT^„-i(Eo) = T,^^„-i(£;o) which is obviously in U+; 

3) T^„«-2(Eo) e (-Eo, -E3, £'4, En), so that it commutes with Ei and F2. □ 

The following proposition is what we still need for our goal; it concerns the last 
relation [EE], and the proof is adapted from the analogous situation in case A^'^ 
(see [1]). 

Proposition 4.3.10 

In Wg(^2n ) following relation is verified: 



j2i-'^rE['^Es-2aA'~''^ = 0. 



r=0 
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Proof: Let f J21^q{—1Ye['^^ Es-2aiE[^ we want to prove that £ — 0. 
The strategy to achieve this goal is to prove that T~^{S) G W+ Vi = 0, ...n (see 
[27]). Recall that [£,Fi\ = implies T-'^{£) e U+. 

Lemma 4.3.9 evidently implies that [£, Fj] = when z = 3, n and Tq^(£) e 
(since To-^(£;i) G 

Moreover, thanks to proposition 4.3.2, [S, Fi] = 

9-9 

So now we have just to show that [£, F2] =0. To this aim we rewrite £ (when 
n > 1, which is the case we are interested in) noticing that 

Es-2ai = Tyjn-i{Eo) = Tyjn-2ToTn{Eo) = Tyjn-^T^ ^{^o) = 

= T^r.-2{EoEP - q-^EnEoEn + q'^E^^^Eo) = 
= Tu,n-2{Eo)E2^^ — q~'^E2T^n.-2{Eo)E2 + q~'^E^^Tyjn-2{Eo), 
so that £ is given by the expression 



Y,i-irE[''\Tr.r.-2{Eo)Ei'^ - q-^E2T^r.-2{Eo)E2 + q-^E^^^T^.-2{Eo))Ef-'^ 

r=0 



Then we are ready to conclude thanks to the last part of lemma 4.3.9 

n-^PT (F \ . -4 <1~^K2 - q^K^^ \ (5-r) 

— q £/2-'w"-2i-C'0j — 2 + 9 2 ^2 -C'2-tw"-2(-C/0j j-C/i 

n — n n — n / 



5 , q^K~^ K2 K — ^ 

y {—lyE-i^ [Tyjn-2{EQ) 2 _2 ^ E2 — q — 2 r2~^w"-2(-£'o)-S2+ 

■^-^ V n — n a — a 



q -q q -q 

= T^.-2{Eo) Y,{-iyXE^{~^E2Ef-'-^ - j^{-iyEt^E2Ef-^^YT^.-2{E,) 



r=0 r=0 

where 



^ g^-^K2 - q'-'^-K^' - q''-'K2 + q'-'^K^' 2.-4^ 

A = 2 =2 = ^ 
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and 



y = 2 — =2 = 5 -'^s, 

9 -9 



(2) 

which is zero thanks to lemma 4.3.8 and to the relation, valid in Uq{A\^) (if n > 1), 

3 
r=0 

This completely proves the claim, that is £^ = 0. □ 

The paragraph can now be closed with the next proposition, which states the 
achievement of our goal: 

Proposition 4.3.11 

(fii is well defined. 

Proof: The only thing to prove is that Es-2ai G Uq^\ This follows immediately 
from proposition 4.3.2 and corollary 4.3.6: indeed by straightforward computations 

□ 

§4.4. Relations between (fi and the braid group action. 

The results of paragraph 4.3 are the first step in our attempt to prove that the 

(2) 

relations between the root vectors in Uq{A\ ) found in section 3 are still valid in 

Uq{Al^). To conclude this piece of program we need to analyze how the braid 
group acts with respect to <^i. As we already announced, we want to prove that 
Titfi = (fiTi and T^^T^^ifi = (^iTq. We start from this second statement. 

Proposition 4.4.1 

The action of Tq on Uq{A2'^) corresponds, under <^i, to the action of T^^T^^ , 
that is T^iTf Vi = ViTq. 

Proof: Of course it is enough to prove that Ti^^T^^(fi = (piTo on the generators 
ofUq{Af^), that is on Ei, Eq, Fi, Fq, Ki, Kq. For the elements of the 
claim is trivial. 

Remark that T^^^T^ , Lpi and Tq all commute with O, so that we are reduced to 
prove that T^j^T^ ipi{Ei) = ipiTo{Ei) and T^^^T^ (fi{Eo) — (fiTo{Eo); this means 
that we want to prove on one hand that 

<fi{-EoEi + q-^E^Eo) = Es-oc, 
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(which is nothing but coroUary 4.3.6), and on the other hand that 

—F5-2aiKs-2ai = ^wi^l (-£'(5-2ai ) , 

or equivalently (see corollaries 4.2.4, 4.2.6 and 4.2.8) that —FqKq — Tyjg-^T~l^g^ (Eq)', 
but of course T^^s^Tg~^g^(£'o) = To(-E'o), which proves the claim. □ 

Remark 4.4.2. 

We concentrate now on the question of proving that Tiipi — (piTi, or equivalently 
that T^^(fi = (fiT^^. The same considerations as before tell us that this prob- 
lem reduces to the question whether T^^ (fi{Ei) = (fiT^^{Ei) and T^^(fi{EQ) = 
^iT^^{Eq): notice that the first relation is obviously true while the second one can 
be translated into 

TrH^^-2aJ = E(-l)V^£^i'^^£^5-2a.^r''^- 

r=0 

To face this problem let us set the following definition: 
Definition 4.4.3. 

('2) 

We introduce the elements Xo,...,^^ of Uq{A\^) as follows: 

X„ = Eo, Xg_r = T;\Xg) Vs = l,...,n. 

Remark that Xi = Es-2ai (corollary 4.2.8) and Xq = T^^(Es_2ai)- 
Our strategy will divide in two steps: 

1) proving that = ^^^o(-l)'^g-2-Ei")x,Ef "'^^ Vs = 2, ...,n; 

2) computing Xq thanks to the description of Xi given in 1): this will be the 
claim. 

Lemma 4.4.4 

/"OA 

Let s be in {2,...,?i — 1} and let X E Uq he an element of Wg(^2n ) commuting 
with Eg and fixed by Tg. Then 

2 

J2{-iyQ-'''Ei^^Eg+,XEg+,Ei'-^^ = Tg-\Eg+,XEg+,). 

r=0 

Proof: Using the Serre relation between Eg and Eg+i we have that 

2 

Y,{-irq-^'Ei'^Eg+,XEg+,Ei^-'^ = 

r=0 

= Eg+iEgXEg+iEg 2 ^Eg+iEgXEgEg+i — q~'^ EgEg+iX Eg^iEg+ 

q +q 

+q ^EgEgj^iXEgEg^i 2 ^Eg^iEgXEgEg+i = 

q +q 

= {—Eg+iEg + q~'^EsEs+i)X{~Es+iEs + q~'^EsEs+i) = 
= T-\Eg+^)XT-\Eg+,) = T-\Eg+,XEg+,). 
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□ 

Corollary 4.4.5 

Let s and X be as in lemma 4.4.4, and let Y= Er=o(-l)''^"^''^2i^^i+7^ 
then 



r=0 

Proof: The claim is an immediate application of lemma 4.4.4. □ 
Corollary 4.4.6 

Let s be in {2,...,n}; then X^-i = Y.l^o^-'^Y I'''" ^^s^ ^ sEf~'\ 
In particular Es-2a, = Er=o(-l)'9"'"^2'^^2£^f ""^ 

Proof: The statement is proved by induction on s: if s = n the claim is obvious 
(it is the definition of T~^(Eq)). 

If 2 < s < n define X by X = Xg+i] then X G {Eq, E^, Es+2), hence it 
commutes with Es and is fixed by Tg. Moreover, by the inductive hypothesis, the 
element Y defined in corollary 4.4.5 is nothing but Xg. Hence we have that 



2-r) 

- 



r=0 



Y^i-iyq-'^'Ei^^xM 



.(2-r) 
■'s 

r=0 



□ 

We have thus solved the first step. For the second one let us develop some 
computations. 

Lemma 4.4.7 

Let X be an element of Uq commuting with Ei. Then we have the following 



identities: 



E2X E2E^ ^ 



= E2Ef^XE2Ef^ - ^^E2Ef^XEiE2Ei + ^ ^ _^ E2E[^^XE[^^ E2; 

[3Jg q +q 

E1E2X E2E^ ^ — 

= E1E2E1X E2E^^ — j—r-EiE2EiX E1E2E1 + j—r- E1E2E1X E^^^ E2', 

E^^ E2X E2E1 = 

= E^^ E2XE1E2E1 — -——E1E2E1XE1E2E1 + j—r- E2E[^^ X E1E2E1; 

[2\q [o\q 

E^ ^ E2XE2 — 

= Ef^E2XEf^E2 - ^^EiE2EiXE[^^E2 + ^ ^ _^ E2E[^^ X e[^^ E2. 

[3Jg q +q 



33 



Proof: It is a matter of manipulation of the left hand sides using the relation 

3 



r=0 

Corollary 4.4.8 

Let X be an element of Uq commuting with Ei and fixed by Ti . Then 

4 

Y,{-'^yq~''E'f^E2XE2E'i'-''^ = T-\E2XE2). 

r=0 

Proof: The claim is a consequence of lemma 4.4.7 once that one remarks that 

Tf 1(^2) = E2E[^^ - q-^EiE2Ei + q''' E^'^ E2; 

indeed ^ 

J2i-iyQ~'E[^^E2XE2Ei'-'^ = 

r=0 

= E2E^^ X E2E^^ — \^E2E^^ XE1E2E1 -\ — 2 ZI2E2E1 ^ XEi ^ E2+ 

[3Jq q +q 

2 q~^ q~^ 2 

—q E1E2E1X E2E^ + ■j—r-EiE2EiXEiE2Ei — j—r-EiE2EiXE^ E2+ 

+q-^E[^^E2XE2E[^h 

— 3 —3 

—q ^E-^ E2XE1E2E1 + E1E2E1XE1E2E1 — y-Tj— £/2-£/j^ XE1E2E1+ 

+q-^E['^E2XEi'^E2 - ^-^E,E2E,XE['^ E2 + -f^E2E^^^ XE? E2 = 

[3]g q +q 

= E2E^ ^ X E2E^ ^ — q ^E2E^ ^ X E1E2E1 -\- q E2E^ ^ XE^ ^£/2~l~ 

— q ^ E\E2E\XE2E^ ^ ~l~ 9 E\E2E\XE\E2E\ — q E1E2E1X E^ ^ E2~\~ 

+q-^E[^^E2XE2E[^^ - q'^E^^^ E2XE1E2E1 + q'^ Ef'^ E2X E^^ E2 = 

= {E2E[^^ - q-^EiE2E^ + q-^E[^^E2)X{E2E[^^ - q-^E^E2Ei + q-^E[^'^E2) = 

= Tj^ ^(E2XE2). 

□ 

We can now conclude: 

Proposition 4.4.9 

(fii commutes with Ti. 

Proof: As already remarked, we want to prove that 



r=0 
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following the notations of definition 4.4.3 and the result of corollary 4.4.6 

2 

^5-2ai = ^(-1) V'"^^'^^2^f "'^ With [X2,E^]^0 and Ti{X2) ^ X^; 

r=0 



then corollary 4.4.8 implies the claim. □ 
To sum up, we can state the following proposition, which makes the importance 

(2) 

of the present section explicit: indeed proposition 4.4.10 allows us to read in 

(2) 

all the relations found in section 3 for A2 , at the same time it allows to define 
E(ms,i) Vm > 1. 

Proposition 4.4.10 

(2) (2) 

Let u be the group homomorphism u : Q{A2 ) QiA^^ii)) defined in the obvious 

~ (2) ~ (2) 

way by z/(ai) = ai, iy{6) = 6 and let the injection ly : $_|_(A2 ) $_|_(A^2n)) 

given by: 

{lyia) if a is real 

(z>'(q!), 1) II a IS imagmary; 

Then (pi has the property that 

Moreover ^i(^a) = ^£>(a) e ^'^{A^^^). □ 
Proof: The claim for Ea when a e ^'-^(A^^) follows from the assertion on the 

f2) 

real roots. Then e l{q{A2^) can be defined Vm > (see the analogous 

definition, corollary 2.2.3) and the claim for E^s is also abvious. 

For the (real) roots of the form md — cti the claim follows from propositions 
4.4.1 and 4.4.9, and from remark 2.1.5; on the other hand, since £'5-201 £ ^q^\ 
T^-,{Es-2aJ - Es-2a^ V« G /q \ {1}; thus 

T71 frri rji \mrpn — l ( TTi \ 

-C'(2m+l)(5-2ai — l-* wi • ••• • ar„ j J-w K^^i) — 
= (T,-, • ... • T^-^r{E5-2a,) = TjJ(£;5-2aJ = MT^TiTiEo) 

and analogously 

TP ( rp rp \—m—lrpn—lrp { rp \ 

^{2m+l)6+2ai — \-Lw\ ' ■■■ ' -Luj\) J-w J-Q\J^0) — 

= T--r\-F5-2c.,Ks-2a,) = MToTir'^-'ToiEo), 
which concludes the proof. □ 

5. RELATIONS BETWEEN U^^ AND U^^^ (i j). 

In this section we shall complete the description of the commutation relations 
among the root vectors. The basis for this section is, as for section 2, an application 
of Beck's work (with something more to check in the twisted case: see §5.2); the 

^2) 

argument works also in the case • 
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In particular the aim of this part of the work is to understand the commutation 
rules between the vectors from Uq"^ and Uq'^ when i ^ j. 

Remark 5.1. 

G /q such that = we have [Uq\V{q''^] = 0. 

Proof: [E,,n^{E^^,_^^)]=T^^{[E,,n^T-\E,)]) = 0. □ 

Hence we are reduced to the case when aij < 0; recall also that, if this is the 
case, then either aij = — 1 or a^j = — 1. 

§5.1. First level of commutation. 

In this paragraph we sketch Beck's recursive approach to the problem. 
Lemma 5.1.1 

Let i ^ j E Iq- Then Vr, s e N the following relations hold: 

Proof: It is enough to apply T~^T~^ and T^"''T^+^ to the relation [Ei, Fj] = 0. 



□ 

Lemma 5.1.2 



Let i, J e Iq be such that a^j = — 1 (then ^ e N). If r > 1, we have: 



[^{rdi5,i)^^j\ 

and 

[^{rdiS,i)->^3\ = 



if r = l 



-K.Ei . if r = 1 

J did — Oij 



similarly, if r > -j^, we get: 

dj 



[E(rd,5.i)^Ei\ 



^Xi ^^-^{{rdJ-di)S,j) (Ij ^{{rd^-di)S,j)■^^) ^ > X 



and 



di 



[aji]q.KiE^,^_^, if r 

Proof: The result on which this lemma is based on is that Tx,T-\Ej) = 

T^'_Ti{Ej) and TxT'^^Fj) = T^',Ti{Fj) (see [1] and point 4) of lemma 2.2.1): 
indeed notice that if = -1 then {X^\i) ^ (a£\ 1). The fact that e N is 
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a consequence of the following simple remark: we have either di — 1 \/i G Iq or 
di — di\/i e In, so that 4^ is either 1 or ^ = ^ = —an. □ 

§5.2. Some particular computations: low twisted cases. 

What happens of [E^^g,^^.yEi] and [E^^g,^^.yFi] when 1 < r < J- (and i,j e Iq 
are such that = —1) is the matter of the present paragraph; of course this 
situation occurs neither for the non twisted algebras, nor for ^2^, since in these 
cases we have k = 1. Hence we have now to figure out what happens in cases 
aSIi. D^uli. Ef^ and of^ (when 1 < r < |-). 

The aim of this paragraph is to prove that the brackets above are zero. 

The problem will be first reduced to compute the commutation of Fj with a 
suitable element lying in W^; this simple remark will immediately solve the case 

Dn+i (^^^ proposition 5.2.2). 

In the other cases the question will be further modified in looking for an element 
of the Weyl group with "good" properties (see remark 5.2.3 and lemma 5.2.4); the 
last part of the paragraph will be devoted to a closer and more detailed investigation 
of41i,I)f and4'\ 

Remark 5.2.1. 

Let i,j E Iq be such that a^j = —1 ^ aji and let r be such that 1 < r < 

(notice that dj = dj = 1, di = di = k > 1 and Xj = ojj = uJj); we want to prove 
that [E(^r6,j),Ei] = and [E(^rS,j), Fi] = 0. 

Since, by a simple manipulation depending on a^- = —1 (which implies that 
—EjEi + q~^EiEj = T~^{Ej)), and on the definition of E(^j.5,i)i we see that 

[E^rS,j),Ei] = -Tr^Tr\[TjTiT:^Tr\Ej),F,]Kj) 

and 

[E{rS,j)iFi] = -QiKai-ajTf^ {[TjTiT^.Tf^ (Ej), Fj]), 

the problem reduces to prove that \TjTiT^T~'^{Ej), Fj] =0. 

Remark that from l{sjS,u^j) = /(a;J)+2 we get TjTiT^^^T-^E,) e .)| 

Proposition 5.2.2 

Let X-^'^ — -D^^i and let i,j e Iq be such that aij = —1 ^ aji (this means that 
z = 2, j = 1). 

Then we have that [E(^§^j-),Ei\ = and [E^^ j), Fj] = 0. 

Proof: Thanks to remark 5.2.1 we need to show that [TiTaT^^Tf ^(Fi), Fi] = 0, 
where TrT^T^.T^^Er) e U+^_^^^^^^^^y But, since 5 = Er=o «r and ai2 = -2, 

n 

5 — si{ai + a2) — 5 — (cti + 012) — ao + ^ ct^, 

r=3 

so that TiT2T(^^T]~^(Fi) belongs to the subalgebra of generated by {Er\r 7^ 1}, 
which immediately implies that it commutes with Fi (since Er does for r 1). □ 

Remark 5.2.3. 
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Remark that for an element x G the property [a;, -Fj] = is equivalent to the 
condition T^^{x) e U+ (see [27]); since for any i,j e Iq and r > we obviously 
have that T'^TjT.T^T^^ {Ej) = TiT^Tf^{Ej) e U+ , remark 5.2.1 allows us to 
translate the problem of understanding the behaviour of [E(^rS,j) ? Ei] and [E(^rS,j) , Fi] 
(when 1 < r < di and i,j e Iq are such that a^- = —1 ^ aji) into the following 
question: is TfTiT^.Tr^{Ej) an element of W+? 

The strategy that we shall use to prove that the answer is "yes" is to find an 
element w of the Weyl group W and an element t E I with the property that 
l{sjwst) = l{w) + 2 and that TjTiT:;,.T-\Ej) = T,.^{Et). 

The next lemma illustrates more precisely what we are looking for. 

Lemma 5.2.4 

Fix j e Iq and r > 0, and let w e W satisfy the following conditions: 

1) l{w~^SjSiUijSj) ~ l{sjSiU!jSj) — l{w); 

2) w~^SjSi(x)jSj{aj) is a simple root; 

3) w-^{aj) > 0. 

Then TfT,T:T-\E,)eU+. 

Proof: The first hypothesis means that TjTiT^.T^^ = T^T^-Xg.^^^^r^. and the 
third means that TfT^ = Tg^w 

Then we have: TjTiT^T~^{Ej) = Ts^y,T^,-is^s,uj^s,iEj) = Ts^yj{Et), where t is 
such that w~^SjSiUj'jSj{aj) = af, hence the only thing to prove is that Sjw{at) > 0, 
which is obvious since Sjw{at) — SiUjSj{aj) = rS — (ct^ + aj). □ 

The aim of the next lemmas is now to find an element w with the properties 
stated in lemma 5.2.4: in order to exhibit such an element we need to understand 
something about u)j. 

Definition 5.2.5. 

(2) 

Consider the case of ^2n-i- t»e the Dynkin diagram automorphism defined 

by 

r(t) = 

and define elements pr & W (for r = 1, n) as follows: yr = TSnSn-i 
Lemma 5.2.6 

(2) 

In ^2n-i ^be following assertions hold: 
a)ifl<s<r<n — 1 and r<z<n or z = 0, then 




Us+i • ••• • Uriai) 



O^t-r+s if i 7^ 

+ El=r(«n-t + ttn-t+l) if i = 0; 



b) Vr = 2, n $+(yr) = {^(aj + ... + an)\r < i < n}; 

c) if 1 < r < i < n we have 

2/2 • ••• • yri^iai + ... + an)) = S - {ai + 2{a2 + ... + Oj-r) + Ctj-r+l + ... + On-r+l); 

d) if 1 < r < z < n we have 

S2(^2^SiS2y2---yr{r{ai + ... + an)) = 
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Q!2 Hi — r = l = n — r 

—6 — (cKi + ... + CKn-r+i) Hi — r = l<n — r 

-(as + ... + CKn-r+l) if z - r = 2 

—5 — (cKi + 2{a2 + ... + ai-r) + ai^r+i + ••• + «n-r+l) if z - r > 2. 

Proof: Statement a) is easily proved by induction on r — .s. 

For b) one immediately shows that y~^(r(ai + ...+an)) = Sr- ■■■■Sn{Q:i + ---+C(n) < 

if r < i < n, which means that {T{ai + ... + an)\r < i < n} C. ^^(y^); but 

= liVr) < n — r + 1, which proves the claim. 
Assertion c) follows from a) remarking that r (a j + ... + «„) = ai + ... + an-i + ao 
and 1/2 ■ ... ■ Vriao) = d - {ai + 2{ai + ... + an-r) + "n-r+i)- 

d) is just 82002^ S1S2 applied to c). □ 

Proposition 5.2.7 

Let X^^ = A2n-i ^ -^0 be such that a^- = —1 aji (this means that 

1 = l,j = 2). 

Then we have: 

1) l{{y2 ■ ... ■ yn-l)~^S2SiUJ2S2) = l{s2SlUJ2S2) - l{y2 " ••■ " 2/n-l); 

2) (2/2 • ••• • yn-i)~^S2SiUJ2S2{a2) = ao; 

3) (y2-...-yn-i)-'(«2) >0. 

In particular T^TiT^^T^^ (E2) G W+, so that [^(^,2), ^1] = and [£^(5,2), Fi] = 0. 

Proof: To prove 1) it is enough to show that $+(j/^) C ^^{{y2-...-yr-i)~^ S2S1U2S2] 
Vr = 2,...,n — 1, and this is a straightforward consequence of points b) and d) of 
lemma 5.2.6. 

From point a) of lemma 5.2.6 we see also that y2 ■ ... ■ 2/n-i(«o) — S — (cti +0:2) = 
= S2Sia;2'S2(a2), which is 2), and y2 ■ ... • yn-i{c(n) = Oi2, which implies 3). □ 

Proposition 5.2.8 

(3) 

Consider the case and let i, j E Iq he such that aij = —1 ^ ajf. this means 
that i = 2 and j = 1. Then [E(^r5,i): E2] = and [^(^5,1)' ^2] = for r = 1, 2. 

Proof: First of all remark that S = ao + 2ai + 0:2, hence siS2UJiSi{ai) = ao, so 
that lemma 5.2.4 applies with w =id; it follows from remark 5.2.3 that [-£'(5,1), -E'2] = 
Oand [%i),F2] = 0. 

Consider now the element S0S1S2', then 

1) l{{soSiS2)~^siS2U>iSi) = l{siS2i.0iSi) — 3: indeed 

siUJi^S2Si{ao), siUJi^S2Si{ao + ai) and siCi;f ^S2Si(3ao + 3ai + a2) 

are negative roots (they are respectively —S + ai, —3S — (ai + a2) and —3S — a2); 

2) {soSiS2)~^ siS2UJiSi{ai) = a.\ which is a simple root; 

3) (soSiS2)"'^(Q!i) = ao > 0. 

As above, remark 5.2.3 and lemma 5.2.4 apply to the present situation and imply 
that [^(25,1) , £^2] = and \E^26^) , H =0. □ 



Proposition 5.2.9 

Consider the case E 
that z = 3, j = 2. Then [£(^,2), ^s] = and [£(5,2), i^s 



f 2) 

Consider the case E\ and let z,j G /o be such that a^j = —17^ a^i. this means 
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Proof: Consider the element w = soSiS2SsS4S2SsS2SiSoS2SsS2SiS2Ss'i then, through^ 
direct computations very similar (even though longer!) to those used for D^^ (see 
the proof of proposition 5.2.8, 1), 2), 3)), one sees that: 

1) l(w~'^S2S3UJ2S2) = 1{S2S?,0J2S2) " l{w); 

2) S2S3W2S2(tt2) = W{0C2)] 

3) «;-i(a2)(= ao) >0. 

The claim follows. □ 
§5.3. General commutation formulas. 

We are now ready to discuss the commutation relations, as announced at the 
beginning of this section. Before giving them explicitely, let us introduce some 
definitions and notations. 



In the twisted case different from A^^ let us define a matrix = {afj)ij^iQ 



Definition 5.3.1 

In the twisted cai 
(called the simply laced matrix associated to {I, A)) as follows: 

afj = max{aij, —1}; 

this can be said equivalently by: 



afj = if aij = 
afj = —1 if aij < 0. 



Remark that {Io,A^) is a Kac-Moody datum of type An. 



Define also 6^ = 



1 if Qij > —1 
dj otherwise. 



Theorem 5.3.2 

Let i,j e Iq and r, s > be such that di\r and dj\s; then we have: 



(1) [E^rd,i),E^^_^.^g_^_^. 



(2) [E(^j.s^i), Ess- 



^ijrE(^g_dj+r)S+aj dj\r 

otherwise; 



otherwise; 



a:ij>i^(,_d;.)5+a,^(r-s+J,)5-a, and r > s 

(3) [EirS,i).F^s-dj)5+aJ = \ -XijrKrsF^^_^_^,^s^^. if dj\r and r < s 

) otherwise; 



-XijrE(^j,-s)S+ajE:aj-sS if dj\r and r>s 
(4) [E(rS,i),Fsd-aj] = XijrF(^g_r.)s-ajK~l if dj\r and r < s 

otherwise; 
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(5) 



(6) 



Kr5 - K,^ 



--1 
r5 . 



rs 



ijr 



-1 ' 



where 



{o{i)oU)) 




in the non twisted case and 




in case A^J with ^ (1, 1) 

(2) 

in case with i = j = 1 



otherwise 



and o : Iq ^ {il} is such that < =^ o{i)o{j) = —1. 

Proof: For i = j, the claim is nothing but proposition 2.2.4 and (pi apphed to 
3.5.3 and 3.5.4. 

For ttij — 0, the claim follows from remark 5.1. 

For ttij < 0, (1) and (2) are found as an application of lemma 5.1.2 and of the 
results of paragraph 5.2 by a standard argument: see [1] and proposition 3.5.2; 

(3) and (4) are found applying a suitable power of respectively to (2) and (1); 
(5) follows immediately from (1) and (2) while (6) follows from (3) and (4) (using 
proposition 2.2.4,2)). □ 



An important and useful consequence of the commutation relations given in 
the preceding section is the construction of a PBW-basis for the general quantum 
algebra of affine type. The aim of this section is thus to exhibit such a basis using 
a convex ordering of the root system, to recall its principal properties (such as the 
Levendorskii-Soibelman formula) and to introduce some notations. 

§6.1. A convex ordering. 
Definition 6.1.1. 

We denote by :< the total ordering of ^+ defined by: 



6. A PBW-BASIS. 



Vr, s e Z : (3rdi/^a^\r<0<s or 

I 1 < s < r. 




s < r < or 



y{r6,i), isS,j) e ^7 : {r6,i) ^ {s5,j) ^ \ 




r = s and i < j. 



or 



Remark 6.1.2. 

^ is a convex ordering of (see [2]). 
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Notation 6.1.3. 

y-T] E Q define V{r]) as follows: 

r 

V{v) = {7 = (71, •••,7r) G U $;i7i ^ - ^ 7r, J^P^^^'^ = 

define also to be "P = Urjeg ^('7)- 

We denote hyp : Ur€N ^+ ^ natural (reordering) map; moreover Va e ^+ 
: — > N (7 i-> /i^) indicates the occurrence of a in 7, that is if 7 = (71, 7r) 
then /i^ = #{tt = 1, r\^u = «}• 

Definition 6.1.4. 

By abuse of notation we denote by ^ also the induced lessicographical ordering 
of V: if 7 = (71, ...,7r) and 7' = (7^, ...,7^) we set 

2 ^ 7' <^ if 1 = min{tt = 1, r|7„ ^ 7^} then 7^ 7/. 

§6.2. PBW-basis and L-S formula. 
Notation 6.2.1. 

Let X : Uq {a ^-^ Xa) be any function. Then V7 = (71, ...,7r) E V we set 

^(7) ~ X^-^ ' ' ^-y^ • 

We are now ready to state the main theorem of this section. 
Theorem 6.2.2 

The set {£'(7)17 G V} is a C(q')-basis of more precisely Wrj E Q {£'(7)17 G 
V{r])} is a C(g)-basis of W^*^^, while more generally {E{j)KxF{Y)\\ G Q, 7, 7' G 
is a C(q')-basis of Uq. 

Proof: The argument used in [26] applies here word for word. □ 
The following theorem is the Levendorskii-Soibelman formula: 

Theorem 6.2.3 

2) V7,7' e P , 7 ^ 7' ^ E{l)E{i) - q'^:^^:^^E{i)E{^) = E^^p(^,y) ^l^©, 
where (7,7') ^ T^il'il') is the only function compatible with 1). 

Proof: See [23] and [1]. □ 

§6.3. Some subspaces of 

In this paragraph we first list some notations and then give a characterization 
of some subspaces of Uq. 

Notation 6.3.1. 

Vr G Z U {±00, ±60, im} we define a a subset $+(r) of $+: 

' {Ps\l <s<r} if r > 1 
{I3s\0>s>r} ifr<0 
|)^(r) = I if r = im 

Us>o^+(±«) ifr = ±oo 
[ U ^+(±00) if r = ±60; 
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moreover we define U^{r) and U^^{r) by: 

U+ir) = spanc(g){£;(7)|7 = (Ti, -,7^) e 7^,7^ G ^+(r) V« = 

In order to describe Uq{r) we need the following lemma. 

Lemma 6.3.2 

\/a e ^If" we have that 

(EJ e W+ Vr > 1, T^-i e W+ Vr < 0. 

Proof: Following [2], we have to prove that Vj e Iq if = TjSj^ ■ ... • Sj^ then 
• ... • Tj^{Ea) e W+ Vr = 1, d; let a = {mdiS, i) with i G /q, m > 0. 
j the claim is obvious; ii i = j and {X^\ i) ^ (^2n ' 1)' [2]- 
Finally we need to study the case when {Xf^\i,j) = {A^^,l,l): first of all 
remark that jd = 1 and that Vm > 

= (^iTi(ToTi)--(Ei) = TiT-;^{Ei) 
which belongs to ; then 

= -EiT,T-^{Ei) + q-^T^T-^{E^)E^ e U+ . 

The claim now follows remarking that l{sj-^ ■ ... ■ Sj^_^si) — d, that m > and that 
T,-^ • ... • T,,_,T^T-^ = {Tj, . ... . T,„_ J-^ □ 

Proposition 6.3.3 

Vr e Z U {±oo, ±6b, im} Uq{r) is a subalgebra of Uq . 
Moreover 

W+(±oo) = {xe U+\3m > s.t. T^ii (x) e = 

= {xe U+\T^L (x) e Vm » 0}, 
W+(±ob) = {x e ^V+|T±^, (x) e iY+ Vm > 0}, 

W+(im) = U+{6o)nU+i-6b) = {xe U+\Tx^{x) = x E Iq}. 

Proof: The first assertion follows from L-S formula and from the convexity of 
^; for the second it is enough to apply lemma 6.3.2 (see [2] and [6]), while the third 
follows immediately from the preceding ones, remarking that Tx.{Ea) = Ea^i e Iq 
Va e ' □ 



7. THE i2-MATRIX. 
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Here it will be shown, applying to the present situation the strategy and the 
results used for the non twisted quantum algebras (see [24] and [6]), how it is 
possible to exhibit an explicit multiplicative formula for the i?-matrix (denoted by 
R) in the twisted case. 

Hence most of this section will be devoted to follow the fundamental steps which 
lead to the description of the i?-matrix for the non twisted quantum algebras, to 
recall the main properties used to establish them, and to remark how, thanks to 
the results developed in the preceding parts of this paper, the same properties (and 
consequently the same results) are still valid in this more general setting: we shall 
refer to [22] and [6] for the proofs. Also, some minor differences occurring in the 

(2) 

twisted case (mainly in case ^2n ) ^^^^ discussed, and the computations needed 
to complete the argument performed. 

§7.1. General strategy for the construction of the i?-matrix. 

First of all we recall a very general result connecting the i?-matrix to the Killing 
form (see [31]). 

Theorem 7.1.1 

Let e <8)W~_^ (with r] e Q^) be the canonical element of (•, •) L+ ^_ . 
Then 

where q~^'^ is the diagonal operator <ya.V ®'V {V and V Wg-modules) which acts 
as ^-(^1^) on Vr^ (g) %. □ 

Then we recall the behaviour of the real root vectors with respect to the coprod- 
uct and to the Killing form. 

Proposition 7.1.2 

U}^{r)®U+ ifr>l 

U}^®U+{r) ifr<0. 
Moreover let 7 = (71, 7^.), 7' = (71, 7^) e P be such that 7„, 7^, e $+(00) 
Vu,u or ^uil'v ^ $+(—00) \/u,v; then 



Ifa = Pr&^+ then A{Ea) - {£^^1 + K^^ E^) e !^ 



Proof: The proof given in [22] and [6] depends only on the action of the braid 
group on Uq and on its connection with the coproduct A (that is on the construction 
of "partial i?-matrices" and on their properties), hence it applies word for word to 
the present situation. □ 

Before going to the next proposition we shall introduce a notation and give a 
simple lemma. 

Notation 7.1.3. 

(k) 

We denote by detj,X^ the determinant of the matrix 

r[di]q \ r [[di\q 

Xijr ) = — diag' 



di[r]q Aje/'- [r]q \ d 



i & I 1 {Xijr)ij^i 
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for the quantum algebra of type X~^^ . 
Lemma 7.1.4 

Vr > we have detr^^'^'' ^ (equivalently det{xijr)^■^Jr 7^ 0). 
More precisely 



' [n+l]gr 



[2]qr- ^[2]qr-(2n-l) 

[2]gr.{n-l) 
[2]gr[2]^9T- 



m case An 

d(1) 

m case Bn 
m case CA 



in case -D 



:i) 



in cases Eq'^ and 



(1) 



in case E, 



(1) 



[2],.[2],..-[3],. = {|g^ in case 



^(1) 



[2],3r 

[2]-.[2n + l],. 

[2]qr ^[2]qr-(2n+l) 

[2]qrn 

[2]q6r 
[2], 2. 

[2],3r 

>^ 12];^ 



(1) 



in case 

(2') 

in case A^2n ^ /r 
in case if 2|r 
if k /fr 

in cases A^^n-i ^n+i if 2|r 
in case -Eg^"* if 2|r 

in case d'^^ if 3|r. 



Proof: The proof consists in simple computations: in the non twisted case we 
have that det^X^'^'* = det{[diaij]qr)ij^jg: see [7] and [6]; the result when k /|r 
follows from the remark that det^-^^^'^'' = det([a|j]qi-)ije/r (and from the result for 
An^). The remaining assertions follow considering that 



det,42 = {q'^ + i-iy-' + q-''^)[2]^Aet2rAi:i, - [2]^.det2.A;,^Z2, 

l<k\r, X'i^ = a£1,,4'=) ^ det.xf ) = [2],rdetrA^^\ - Met^A^^, 
det^E^^^ = [2]qrdet^i:>^^^ - det^A^^\ 



□ 



Proposition 7.1.5 

1) Let a e ^!["; then A{Ea) -{Ea®l + K^^a) ® E^) e U}^{oo) ® W+(-oo); 

2) Let a e and 7 e be such that {Ea,F{j)) or {E{j), Fa) ^ 0; then 
7 = (P) with p(q;) = p{P). 

3) Let {-Eal" G $+} be elements oiU^ satisfying the following requirements: 
i) Ea = Ea^ae 
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ii) Vr > G /''} and G /'^} are bases of the same C(Q)-vector 
subspace of Uq, 

iii) {Ei^r5,i),F^^r5,j)) = if i 7^ j (where = ^{Ea)); 
then V7, 7' e "P we have that 

(E(7),F(y)) = '^7,7' n - n 



Proof: For the proof see [6] . Indeed the argument used in the non twisted case 
is based on the following properties, which are still valid in the twisted case: 

a) TA,.....A„(^/3j =^/3.+^ ifr > Oorr < -AT and rA,.....A J^a) = E^^iia e 
more precisely see proposition 6.3.3; 

b) the matrix {xijr)ijei^ is non degenerate (see lemma 7.1.4); 

c) -< is a convex ordering of □ 

Corollary 7.1.6 

Let Ea, Fa {a e $+) be as in proposition 7.1.5; then 



_ _ I 1 ifae^'I 



whereca = (9^ -qa)iEa,Fa) = 

{Qa^ -qa){Ea,Fa) if a e 
Proof: See [22] and [6]. □ 

Remark 7.1.7. 

Remark that Vr > 

Hence corollary 7.1.6 can be rewritten as 

R=]Je^PpJiq^yqpjEp^^F^j]Je^pCr-]Jew^Jiq^yqpjEp^^FpJ^^ 

m<0 r>0 m>l 

where Cr = Yliair- f'^^'^^ ^Ei^r5,t) canonical element of the restriction of (•, •) 

[E(^rS,i)^-t'{r5,i)) 

to 

spanc(q){-E(r5,i)K e r} X spanc(q){F(^5,i)K ^ 

and both the first and the third products in the right hand side are performed in 
decreasing order. □ 

§7.2. The Killing form on the imaginary root vectors. 

We have seen how to reduce the explicit description of R to the construction of 
Cm or equivalently to the construction of elements E^ with the properties described 
in proposition 7.1.5, and to the computation of {Ea, F^) for a e Of course for 
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both approaches the problem is that of understanding (■,•). Thus we start from the 
computation of (-^(^j j), ^(^.5 j)), following the path indicated in [6] and remarking 

that in case it has to be slightly modified: the problem arises, here too (see 
lemma 2.2.1), from the fact that in this case 5 — 2ai is a root. 

Definition 7.2.1. 

Let i E Iq; we shall denote by tt^ the natural projection tt^ : Uq ® U^^ — >■ 
Uq ® C{q)Ei (with respect to the Q-gradation) . 

If r > and i,j e we define c]? by the following property: 

7rj{A{E^rS,i))) = ci^Ers-a^Kj ® Ej 

{cl^ is well defined since TTj{A{E^,f.g^i^)) is indeed a multiple of E^^-a^Kj ® Ef see 
[6], using proposition 7.1.5, 1) and the convexity of -<). 

Lemma 7.2.2 

Let r > and i, j G /''; then {E(^^s^,),F(^rS,j)) = -Qj , .2 - 

Proof: The proof is based on proposition 7.1.5, 2), on 1.4.2, 7,i), and on propo- 
sition 7.1.2 (see [6]). □ 

Lemma 7.2.3 

Let r > and i,j e then = qj'^^Qj — q~^)xijr- 

Proof: The proof consists in showing that = -r^xnr and in computing -J—. 
For c*-? = -^Xijr see [6]. 

For ^-1^ = qJ (qj — qJ ) see [6], when we are not in the case A^J^ with j = 1. 

So it remains to study just in case A^2l'- remark that 7ri(A(£'5_2ai)) = 
(because 5 — 3q;i ^ $); then, using corollary 4.3.6, we have that 

7ri(A(£;5_«J) = -Es-2aiKi®E^+q-'^KiEs-2a,®E^ = -{l-q-^)E5_2a,Ki^E^; 
it follows that 

7ri(A(£;(5,i))) = ni{A{Es-aJ){Ei ® 1) - q'^Ei ® l)m{A{Es-a,))+ 

+Es-a,Ki (8) El - q-^KiEs^a^ ® Ei = (q'^ + 1 - q'^ - q-^)Es_^^Ki Ei, 
which means that cl^ — q"^ + 1 — q~^ — q~^ — qi'^{qi — qi^)xiii- □ 
Corollary 7.2.4 

Let r > and let x (respectively y) belong to the linear span of {E(^rs,i)\'^ ^ I^} 
(respectively e I'^})- 

Then [x,y] = -{x,y){Krs - K;l) and {n{y),n{x)) = -n{{x,y)). 

Proof: The claim follows from lemmas 7.2.2 and 7.2.3, from theorem 5.3.2, from 
the bilinearity of (•, •) and [•, •] and from the fact that Q is an antiautomorphism. □ 

§7.3. A "canonical" form for the i?-matrix. 

Remark 7.1.7 reduces the problem of describing R to that of finding Cj. Vr > 0. 
The goal of the present paragraph, which can be achieved thanks to the results of 
§7.2, is to describe Cr in terms of {Ef^^g^i^, F(^rS,i)\'i' ^ I^}- 
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The following is a simple lemma of linear algebra. 



Lemma 7.3.1 



Let r > and let Cr = T^ijei- yij^{rS,i) ® F^rSj)- Then if y"" = {ylj)ij^ir and 



tTTr\-l 



H'' = {E(^rS,i)^F(r5,j))ijei- we have y"^ = {^H"") 



□ 



Proposition 7.3.2 

In the notation of lemma 7.3.1, if we put 



(o(z)o(J))<rf^[r]. 



?/[■ with k'^ 



k if k\r, X ^D,E 
1 otherwise, 



we can describe z^j as follows: of course zljdj — Zj^di (because i?^ is symmetric); 
if z < J then 



^ij — 



^ij — 



[n-j + l]g2r 
[2]^r(2Ti-l) 

[2]^,,(2i-3) [? 



[2]q'-[2]^r.(2n-l) 



if z = 1 



otherwise 



ii 

J, 



[2] 
[2]c 



,'■(» + !) 



[2]<;r(n+l) 

[2]q'-[2]^^,.(n-l) 

[2]q''[2]^r(n-l) 
[n-j + l]gr 
[2]^r-(»-l) 

[2]^r(i-2) [n-j + l]<, 



[2]^r-(r,-l) 



if i = j =1 

if j > 1 = i 

otherwise 

if i = j<2 
if i = l,j = 2 
if i<2 <j 

otherwise 
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G 



(1) 



.(2) 
^2n 



1(2) 
^2n-l 



D 



(2) 
n+1 



(2) 



D 



(3) 



det,£;(i)4. = 



Ng- if i = j = l 

[j-l],.[n-3]g. if z = l<j<3 

[2]g.[2]g.(--2) if z = j = 2 

[Z - l]qr[n - l]qr if 2 < z < 3 = j 

[^]q-['n - j + l]q- if z=l,j>3 

[2],.[i-l],.[n-i + l]g. if 2<i<A<j 

[2],.[2],4.[n-i + l],. 



[2],2r 



[2]g'~[2],9r 
[2J,3r 



if z = 5 

if i = 6 

if i = 7 

if i = j = 8 



z. 



r [2],3.[2]^6r 

[2]q9r 

[2],3.H9'-[5-j],2 

[2],9r 

[2],3r[3],r[5-j]^S 
[2],9r[2]qr 

[2],3t-[2],4t- 



if « = j = 1 

if i<2<j 

if i = 3 

if i = j = 4 



, [2]q9r[2]qr 

ne],. [3], 

[2],a.[3],. U3].^ [2], 



7" 



[2i-l]^r-[n-j+l]^ 

[2],r[2n+l],r- 
[2],n2,-l)[»-J + l],2,. 

[2]q''[2]^,,(2„ + l) 
' [i-l]gr-[n-j + l],r 

[2]qrn 

(-l)i2[n-j + l],r- 
[2],T-« 

[2]^r(»-l)[n-i + l]qr 
[2]qrn 



r 



[2],- 

[n-3 + l]qr 

[2]qrTi 

[2]gr(i-l)[n-j + l],; 



if 2/r 
if 2|r 
if /c /r 

if k\r, i = j = 1 

if /c|r, i = 1 < j 

otherwise 
if k It 

if /c|r, i = 1 
otherwise 



z ■ = < 



[2]qrTi 

iHl^ if /c|r,z = iG{l,4} 



T 





[2]q6r 




[2l,2r- 


[i],.[5- 






[2]q6r 




1 

[2],- 






[2],r 






[2J,3r 



if fc|r, i = 1 < j 

otherwise 
if k /r 

if /c|r 
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Proof: Thanks to lemma 7.3.1, the proof consists in the simple exercise of 
inverting the matrix {xijr)ijei^- □ 

Theorem 7.3.3 

With the notations of proposition 7.3.2, we have that i?g*°° = 
=[h^l^^r(l^r -^l3r)Ef3, 0FpJJex.p{YjljE^r5,i) ^F^vSj) )n^xp^^(gj^^ -Q^JE^^®F^^ . 

r<0 r>0 ijeir- r>0 



Proof: The claim is an immediate consequence of remark 7.1.7, of lemma 7.3.1 
and of proposition 7.3.2. □ 

§7.4. Linear triangular transformation: the £'q,'s. 

It can be useful to determine explicitly the expression of R in the form given in 
corollary 7.1.6, that is to describe R in terms of "dual" bases. To this aim we shall 
look for elements -Eq, with a G ^+ satisfying the requirements of proposition 7.1.5. 

Lemma 7.4.1 

For r > let Ei^^g^^^ {i G /^) be elements of l^^^g such that: 

1) Vi G E(^rS,i) is a linear combination of {E(^r6,j)\j ^ ^ i}', 

2) Vi < je r {E^rS,^), F(^rS,j)) = 0. 

Then, if F(^r5,i) = ^{E(r6,i)), we have that {E^^g^i^, F^^sj)) = Vz 7^ j G r. 

Proof: The assertion is clear for i < j once that one notices that F(^r6,j) ^i^s in 
the linear span of {F(^j.gi^\l E I'^,l > j}; for i > j, it follows from corollary 7.2.4. □ 

Remark 7.4.2. 

Lemma 7.4.1 allows us to reduce the construction of E(^j.s,i) to the solution of the 
following system of linear equations: 

{*)r,i A-[^^«J> = for j G r with i < j 

l>i 

(r) - (r) 

under the condition A;/ ^ 0, where E(^j.6,i) = z2i>i^ii E(rS,i)- 
Notice that in the non twisted case 

so that (*)r,i can be written as 

i*)ri = for j G /o With i<i. 

l>i ™ 

This system has been solved in [7], and those solutions will be used here in order 
to simplify the computations in the general case. 

Proposition 7.4.3 

Consider the non twisted case {k = 1) and let r > 0, i G Iq. 
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A solution of {*)^} is given by 



[d 



'3lQ 



in case Bn^ axid 
if ^ (1,1) in caseFf) 
if J > i = 1 in case c4^''and 
if j — 1 > i = 1 in case Dn^ 
if z = 1, j = 2 in case D^^ 
if 4 > J > z = 1 in case En 
if J > 4, z = 1 in case En^ 
if i = j = 
otherwise, 



[n-j + l]q2r 

[n-j + l]g.[2],. 
= < [n - 2]qr 

[j - l]q^[n - 3]qr 

[n - j + l]qr[3]qr 

[2]qr.(n+l) 
[n-j + l]qr 

where j G Iq is such that i < j. 

Proof: Sec [7]. □ 
We can now pass to the study of the twisted case. We shall consider three 

(2) (2) 

different situations: the case , the twisted case different from with k /r 

(2) 

and the twisted case different from ^2^^ with k\r. 



(1) 



1 in cases F^^'' and G2''' 



Remark 7.4.4. 

Remark that Xijr{A 



(2)n 
2n ) 



Xi 



(Bn ^) if (1,1) and that in the equations 



(*)r,i xiir never appears; then (*)r,i(^2n ) ~ {*)r,i{Bn ^); in particular the solutions 



(2) 

of {*)r, 

i in case ^2^ are the same as the solutions of (*)r,i in case B 



(1) 

n 



Remark 7.4.5. 

Let X^^^ ^ Af^ and r > be such that k /r. Then Mi e F (that is Vz e / such 



that di — 1) the system (*)r^i(X^ ') = {*)r,i[^A ^^i„ j (with a shift of indices in case 

^2n-l' ^^^^ is ^ij^(^2n-l) = = ^i-lj-li^n-l) j ^ -^'^) 



Remark 7.4.6. 



(2) 

In the twisted case different from ^2^ , remarking that dibij — djbji when aij ^ 0, 
the system {*)r,i becomes the following (under the condition that k\r): 

A^^ 



\ Jr.i 



J2^{o{j)o{l))'^'^' bji[at^]qr = for j e Iq with i < j. 

l>i 



Notice that if i < j E Iq are such that bji = > i such that aij 7^ 0, then dj = k'^ 
and each equation above can be written as 



V )r,i,3 



E 

l>i 



4Mo(/)t 



[af ]g. = for j e Iq with z < j. 



f/c) fit) / \ f/c) 

This always happens when — D^^ (/c = 2, 3); on the other hand when X-^ = 



^2n-i ^e"' have that bji 7^ 1 =^ j = 2, which implies that if z 1 then 



.(2) 
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(*)rl — {{*)r^i i\j > 0- Moreover we see also that 



= {(*)rLb- > 2} U { 5^ ;^(0(2)0(0)''>- 62/K2].^ = O}. 



Remark also that ^^^^ does not appear in the equation when ^ (1,2) 



so that the only condition on is the one arising from the last equation, i.e. 



i(0 



gi^(o(2)o(l)) ^2^.1 621 = Ez>iiif7(o(2)o(/))^^^-62zK2],., where the A^^'s with 
(i, j) (1, 1) are solutions of the system < J and (i, j) 7^ (1, 2)}. 

Proposition 7.4.7 

Let r > and i ^ V . A solution of is given by: 



■■11 

(r) 



[n - j + l]g2r. 

[n-j + l]q.[2],. 

[n - 2]g. 
[j-l]g.[n-3]q. 

h - J + llg-Plg- 

[2]g5r- 

[3 - j]g3. 

(-1)5 r 1 

(-l)i[2],3. 



in cases i?i^''and -^2n^ ^'^'^ 



1(2) 



(1) 



if (z, j) 7^ (1, 1) in case F, 
if j > i = 1 in case Cn"*^-* and 
if J — 1 > z = 1 in case D^n^ 



if z = 1, J = 2 in case D\ 



(1) 



if 4 > J > z = 1 in case E\ 



(1) 



if J > 4, i = 1 in case E^, 



(1) 



if i = J = 1 in case 



(1) 



if z = 1 in case G 



(1) 
2 

(fc) 



.(fe=2) 



if /c /r in cases and 
if 2|r and z = j = 1 in case ^2n-i 



if 2|r and z 
otherwise, 



1 in case E, 



(2) 



where j e I*" is such that z < j. 

Proof: The only statements which do not follow immediately from proposition 
7.4.3 and remarks 7.4.4, 7.4.5 and 7.4.6 are those concerning the case when 



(2) 



^2n-i -^6^^ 2|r and i = j = 1, and it is a matter of straightforward computations. 
□ 

§7.5. The Killing form on the new imaginary root vectors. 

The next (and last) step is computing (£'q,,Fq,) when a is an imaginary root. 

Lemma 7.5.1 

Let r > and z e r. Then 



.(2) 



X 



jir 



A 



(r) 



E 



A 



(r) 



X 
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Proof: The definition of implies that iE^r6,i), F{rS,i)) = A''^\E^r5,i), Fir5,i)), 
because {E^rs,i), Fir5,i) - ^il^ F{r5,i)) = 0. But 

{E{rS,i),F(rS,i)) = XI A'j\F{r5,j),F{r6,i)) = - A'j'' 



-'jtr 



Proposition 7.5.2 

Let r > 0, z e Then we have 



□ 



o(i)^((j ^ - q)r[di\g 



di[r]qA, 



(r) 



[2]gr(2«-i) if i = 1 in case Bn 



(1) 

(1), 



[n — i + 2]q2r[2]qr if z ^ 1 in cases Sn'^^'and 742^^and 



[2],^[2], 



r(n+l) 



,r(n — 1) 



[9-n]qr[2]^3^(„_4) 

[2]^r(rt-4) 

[2]q'-[2]ql5r 
[2]g3r [2]q5r- 

[2]g5r. 

[2]g9r 
[2],3r 



= , [6], 



[2]g6r 
[2],2. 

[2]gr(2« + l) 
[2]gr[2n+l]qr 

(-i)i[2],.n 

2 

[2]q,rn 



[2],3r 



[2]g3r 



[2]^6r 
[2], 2. 

[n - i + 2]q7 



if i > 2 in case F^l, 
if i = 1 in case Cl"*^ 



if z = 1 in case D 
if z = 1 in case E, 



(1 



(1 



if z = 1 in case E, 



(1 



if z = 2 in case F, 
if z = 1 in case F, 



if z = 2 in case G^' 



(1 



with n = 6,7 



if z = 1 in case G 



if z = 1 and 2|r in case A 



(2) 
2n 



if z = 1 and 2 /r in case yljn 
if /c /r in cases D^J^^ and E|zi 



if z = 1 and 2\r in case A 



(2) 

2n-l 



if z = 1 and k — 2\r in case -Di' 



(fe) 



if z = 1 and /c = 3|r in case Di; 
if z = 2 and 2|r in case Eq^^ 
if z = 1 and 2|r in case E^^^ 
otherwise. 



(fc) 



Proof: For the non twisted case see [7]. Then also the cases A^^ with z 7^ 1, 

X^J"^ with k /r, A^^n-i and with k i- l|r and z i- 1, and E^^^ with 2|r and 
z 7^ 1, 2 are clear. □ 
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§7.6. The expression of R in terms of the -Ea's. 

We can now collect the results obtained till now and get an explicit formula for 

R. 



Theorem 7.6.1 



_ _ r 1 if a e ^'^^ 

where = {q^^ -qa){Ea,Fa) = \ . _^ ^rJ^ rp , -r ^.im ^« 

explicitly determined from proposition 7.5.2. 

Proof: The claim is a straightforward consequence of the preceding results: 
corollary 7.1.6 and proposition 7.5.2. □ 
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